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DEVICES , SYSTEMS AND METHODS FOR FIG . 11 shows the response to a + 10 milli - arcsecond 
SHIFTED DELTA SUM ANGLE square wave of one possible implementation of the embodi 

MEASUREMENT ments disclosed herein . 
FIG . 12 shows the response to a 37 arcsecond triangle 

CROSS REFERENCE TO RELATED 5 wave motion of one possible implementation of the embodi 
APPLICATIONS ments disclosed herein . 

FIG . 13 is a conceptual drawing of the sine drive test 
This application claims the benefit of U . S . provisional performed on one possible implementation of the embodi 

application 62 / 201 , 754 filed Aug . 6 , 2015 , and hereby ments disclosed herein . 
incorporated by reference in its entirety . FIG . 14 shows errors on the order of one micron in the 10 motion of a precision linear stage . The errors were observed 

TECHNICAL FIELD by measuring angular changes at a distance of 305 mill 
meters using one possible implementation of the embodi 

This disclosure relates generally to devices that provide ments disclosed herein . 
angle measurement and to related systems and methods . FIG . 15 shows errors on the same portion of travel of the 

15 precision linear stage as shown in FIG . 14 , using a different 
BRIEF SUMMARY range of angles measured by one possible implementation of 

the embodiments disclosed herein . 
Embodiments described herein include an angle measur - FIG . 16 shows a 72 - sided optical polygon mounted for 

ing device comprising one or more rotating disks , each measuring the errors in one possible implementation of the 
rotating disk comprising one or more locations indicated by 20 embodiments disclosed herein . 
one or more marks . The marks are sensed by one or more FIG . 17 shows the uncorrected measured error in one 
fixed sensors and one or more movable sensors , the fixed possible implementation of the embodiments disclosed 
sensors and the movable sensors generating sensor outputs . herein , when only two encoder modules were used . 
A processor is configured to receive the sensor signals and FIG . 18 shows the Fourier transform of the uncorrected 
to measure an angle of rotation between the one or more 25 Me more 25 measured error in one possible implementation of the 

embodiments disclosed herein , when only two encoder movable sensors and the one or more fixed sensors based on modules were used . the sensor signals . FIG . 19 shows the uncorrected measured error in one Embodiments described herein include a method for possible implementation of the embodiments disclosed measuring an angle of rotation . One or more fixed sensors herein , when a total of four encoder modules were used . and one or more movable sensors sense one or more location 30 FIG . 20 shows the Fourier transform of the uncorrected marks on one or more rotating disks , the sensors generating measured error in one possible implementation of the 
sensor outputs in response to the sensing . The angle of embodiments disclosed herein , when a total of four encoder rotation is measured using the sensor outputs . modules were used . 

FIG . 21 is an image of the sensor unit for a second 
BRIEF DESCRIPTION OF DRAWINGS 35 possible implementation of the embodiments disclosed 

herein . 
FIG . 1 is a conceptual diagram indicating the basic FIG . 22 is an image of a signal conditioning and compu 

principle of operation in the simplified case of one mark on tation unit for a second possible implementation of the 
each of two rotating disks . embodiments disclosed herein . 

FIG . 2 is a conceptual diagram indicating the basic 40 FIG . 23 shows the uncorrected measured errors in a 
principle of operation in the general case of N marks on each second possible implementation of the embodiments dis 
of two rotating disks . closed herein , when a total of six encoder modules were 

FIG . 3 is an exploded view of the rotating platform used . 
assembly for one possible implementation of the embodi FIG . 24 shows the Fourier transform of the uncorrected 
ments disclosed herein . 45 measured errors in a second possible implementation of the 

FIG . 4 is an exploded view of the main bearing and lower embodiments disclosed herein , when a total of six encoder 
encoder assembly for one possible implementation of the modules were used . 

FIG . 25 is a diagram showing a tilted axis of rotation for embodiments disclosed herein . the analysis of the errors in one possible implementation of FIG . 5 is an exploded view of the lower thrust bearing and the embodiments disclosed herein . bottom cover for one possible implementation of the 50 FIG . 26 is a diagram showing another view of a tilted axis embodiments disclosed herein . of rotation for the analysis of the errors in one possible FIG . 6 is an image of a signal conditioning and compu implementation of the embodiments disclosed herein . 
tation unit for one possible implementation of the embodi FIG . 27 shows the calculated error due to measuring an 
ments disclosed herein . angle of rotation about a tilted axis . 

FIG . 7 is a wiring diagram for a signal conditioning and 55 FIG . 28 shows a block diagram incorporating features of 
microprocessor development board interface for one pos - the previous figures . 
sible implementation of the embodiments disclosed herein . The figures are not necessarily to scale . Like numbers 

FIG . 8 shows typical ambient room temperature varia - used in the figures refer to like components . However , it will 
tions during the testing of one possible implementation of be understood that the use of a number to refer to a 
the embodiments disclosed herein . 60 component in a given FIG . is not intended to limit the 

FIG . 9 shows short term noise and stability performance component in another figure labeled with the same number . 
using one or two pairs of encoders in one possible imple 
mentation of the embodiments disclosed herein . DETAILED DESCRIPTION OF ILLUSTRATIVE 

FIG . 10 shows the response to a one nanometer peak - to EMBODIMENTS 
peak square wave motion at a radius of 84 millimeters of one 65 
possible implementation of the embodiments disclosed Devices to measure angles around a full circle with an 
herein . accuracy of an arc - second or less are needed for various 

us 
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applications ranging from surveying to manufacturing 
inspection and metrology . Currently such devices are expen 
sive and are typically based on very accurately calibrated 
disks together with sophisticated opto - electronics sensors 
and integrated or external data processing hardware and 5 
software that is used to correct and / or improve the resolution 
of the raw sensor data . With these systems the accuracy of 
a measurement generally depends on the accuracy of the 
disk in addition to the accuracy of the bearings supporting 
the disk and other mechanical components . These are lim - 10 
iting factors on the overall system accuracy along with 
problems associated with the various interpolation and aver 
aging strategies employed when calculating the rotation 
angle based on the calibrations on the disk . 

The current device implements a novel system for high 15 
accuracy angle measurement that has exceptionally high 
resolution and as high or higher accuracy than most con 
ventional systems . This system , called the Shifted Delta 
Sum Angle Measurement System ( SDSAMS ) is a process by 
which angles can be measured with milli - arcsecond resolu - 20 
tion and 0 . 1 arcsecond or better accuracy around the full 
circle using readily available , inexpensive , low accuracy 
encoders together with any one of several readily available 
compute devices . The accuracy is not limited to the accuracy 
of a calibrated disk . 25 

To put this in perspective , since there are 360 . 3600 = 1 , 
296 , 000 arcseconds in a complete circle , 0 . 1 arcsecond 
accuracy corresponds to somewhat better than one part per 
ten million accuracy . This corresponds to a movement of 
approximately 0 . 5 millionths of an inch at a radius of 1 inch . 30 
Resolution of a milli - arcsecond corresponds to a movement 
of 1 / 3 the unit cell size of a nickel crystal at a radius of 1 inch . 
Clearly , electro - mechanical measurements with this sensi 
tivity require attention to detail . The sample implementation 
of the invention described achieves this performance level 35 
using inexpensive encoder disks with 2500 lines per revo 
lution , which gives 10 , 000 pulses per revolution using 
quadrature decoding . Milli - arcsecond resolution corre 
sponds to better than one part per billion resolution which is 
an improvement of more than five orders of magnitude 40 
beyond the resolution of the encoder disks . 

There are several current approaches to high accuracy 
angle measurement . 

Direct Reading of a Precision Calibrated Disk 
The most commonly used methods for high accuracy 45 
angle measurement rely on precisely placed gradu 
ations marked on glass disks . For high accuracy , the 
graduated disk is typically mounted on a shaft that 
rotates in precision bearings . For the highest accu 
racy , air bearings are used . 

To reduce reading errors due to errors in the positions 
of individual graduations , sensor heads of many 
different types have been used to evaluate the rota 
tion angle by observing multiple graduations simul 
taneously . Such sensor heads may employ a small 55 
sector of a similar grating in front of the detector to 
generate a Moiré pattern that varies through one 
cycle of a generally sinusoidal function as the master 
grating rotates through an angle corresponding to 
one graduation spacing on the master disk . Alterna - 60 
tively a system may use very fine graduations with 
spacings on the order of a wavelength of light and 
generate and measure the movement of optically 
generated interference patterns as the disk rotates . 
Some sensor heads use CCD arrays to acquire and 65 
analyze images of segments of a master graduated 
disk . 

To further reduce the effect of graduation errors , and to 
compensate for disk mounting and rotation errors , 
readings from multiple sensor heads are typically 
combined . In relatively simple cases , two diametri 
cally placed sensor heads are used to correct a one 
cycle per revolution error due imperfect centering of 
the disk on the axis of rotation . In more elaborate 
cases , up to 16 sensor heads spaced strategically 
around the disk have been used to observe the 
graduations on a large graduated disk . The sensor 
heads are carefully placed to compensate for mul 
tiple higher order disk errors and to allow for the 
calculation of self - calibration curves . 

Since even the highest resolution disks currently 
employed have graduations separated by multiple 
arcseconds , interpolation is employed to obtain 
higher resolution . This type of interpolation has been 
used to increase the resolution of the system by 
factors up to several thousand . This approach leads 
to a fairly complicated error function with both high 
and low frequency components . The low frequency 
components are largely due to disk mounting eccen 
tricity and “ skew ” , imperfect rotation of the disk due 
to bearing imperfections and any slowly varying 
errors in the disk graduations . The high frequency 
components are largely due to errors in the interpo 
lation , bearing “ noise ” and any more rapidly varying 
errors in the disk graduations . 

For the highest accuracy , a calibration process is often 
employed to characterize and attempt to correct for 
the main residual errors . This is quite successful for 
the low - frequency errors , but more difficult for the 
high frequency errors due to local variations in the 
disk graduations and in the interpolation results . 
While current computer capabilities would easily 
accommodate a calibration table with over a billion 
entries to provide a resolution on the order of milli 
arcseconds , obtaining accurate calibration data of 
that resolution around the full circle for each indi 
vidual device would be extremely difficult , time 
consuming and expensive . 

Phase Measurement Using Rotating Precision Disks and / 
or Encoders 
A different approach to high accuracy angle measure 
ment has been implemented successfully at several 
national laboratories . This approach uses two preci 
sion graduated disks rigidly mounted to rotate 
together on a common rotating shaft . Two sets of 
sensors are used , one set of sensors for each disk . 
The sensors for one of the disks are on a fixed base 
and the sensors for the second disk are on a platform 
that can also rotate about the same axis of rotation as 
the rotating disks . The signals from the two sets of 
sensors will be of the same frequency but will be 
shifted in phase . If the platform holding the sensors 
for the second disk is rotated slightly , the phase 
difference between the signals from the two sets of 
sensors will also change . In particular , if the platform 
is rotated though an angle corresponding to the angle 
between successive graduations on the disks , the 
phase difference will change by one complete cycle . 
This provides a high resolution measurement of the 
angle through which the rotating platform has been 
moved relative to the fixed base . The number of 
complete phase cycles provides a “ coarse ” reading of 
the angle with each complete cycle corresponding to 
a rotation by one division of the graduated disk . A 

50 
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" fine ” reading is obtained by measuring the current position where the two reference positions are perfectly 
phase difference between the signals . The angle of aligned with the reference position for the second disk 
rotation is the sum of the " coarse ” and “ fine ” angle directly above the reference position for the first disk . The 
readings . positive direction for measuring the angle o is when viewed 

The implementations of this approach at the national 5 counter - clockwise from above . 
laboratories have used large very expensive custom In some embodiments it is convenient to use two disks in 
hardware , In some of the cases cited , complete high an implementation so that the sensors implementing the 
end commercial encoders ( Heidehain RON 905 ) reference positions can be moved independently all the way 
costing around $ 20 , 000 each were used instead of around the disks without interference . In the example imple 
custom precision graduated disks and sensors . 10 mentation the disks are simple incremental optical encoder 
According to the cited papers , the resulting systems disks and the reference positions are implemented by the 
achieved accuracies on the order 0 . 05 arc seconds , encoder sensor modules . The same concept could apply to 
after correcting the raw values using a measured division marks on two sides of one disk as long as the 
calibration curve . sensors could be moved around the full circle if necessary . 

Phase Measurement Using Rotating Non - Precision Disks 15 The one disk configuration could also be implemented with 
A previous patent , U . S . Pat . No . 4 , 533 , 902 , claimed a reflective optical disk and optical sensors , or with a 

that a system with rotating disks ( in some ways magnetic disk and read heads similar to those used in 
similar to the systems just described ) can provide computer disk drives . 
" arc - second ” accuracy using " nonprecision ” disks . Suppose now that A , and B , are the angles between the 
The sample implementation described in that patent 20 aligned reference positions and the marks on the disks . The 
used two ordinary metal gears for the two graduated positive direction for measuring angles from the reference 
disks and magnetic sensors to detect the motion of positions to marks on the disks is taken to be clockwise 
the gear teeth , instead of a precision glass disk and when viewed from above . While the marks on the disk may 
optical sensors . Currently , the concepts described in be roughly aligned so that A , and B , are nearly equal , the 
that patent do not seem to be widely used . 25 relative positions of the marks is actually not important , as 

Embodiments disclosed herein involve devices , systems long as the relative positions stay fixed . In particular , as will 
and methods that provide accurate measurement of angles . be described below , we can measure the difference 
The embodiments provide measurement resolution of 
approximately a milli - arcsecond ( if multiple readings are o = Bo + 0 - 40 
averaged ) , which approaches the best currently possible 30 and from this difference we can find the angle o as 
resolution as obtained by national standards institutes . The 
embodiments also provide excellent single reading accuracy p = 0 - ( Bo - A ) 
of approximately 100 milli - arcseconds around a full 360 In this equation , o is the quantity that we actually mea 
degree circle , when calibrated . sure , and is the angle we wish to measure . In practice , Some embodiments could easily be adapted for use in 35 using equation ( 2 ) , we are actually measuring the angle o various common devices ranging from surveyor ' s theodo relative to a fixed offset ( B . - A . ) . This fixed offset is lites and astronomical telescope mounts to industrial inspec independent of the common reference positions , since any 
tion and machine tools . The major cost of the example change in the common reference positions would change implementation of the embodiments described herein is a both A , and B . equally , and the changes would cancel in the high precision bearing to constrain the motion of a set of 40 difference . This offset is not a problem in practice and we sensors to a precise circular path . Consequently , if integrated don ' t even need to know the actual value of the offset . In 
into the design of a mechanism such as a telescope mount , practice , we can set the device to the position we want to be theodolite or machine tool that already has high precision the zero position and record the o value from equation ( 2 ) at bearings , the embodiments disclosed herein could provide 
high resolution , high accuracy angle measurement capability 45 from subsequent measurements of d . that position . That recorded value can then be subtracted 
for a relatively small additional cost . The key to measuring the sum a is to spin the disks about The embodiments disclosed herein form a novel system their common axis at a constant angular velocity , in a for angle measurement called the Shifted Delta Sum Angle counter - clockwise direction , as indicated in FIG . 1 . If this is Measurement System ( SDSAMS ) . The SDSAMS uses one done , the problem of measuring angles is replaced by the 
or more rotating marked disks rigidly mounted to rotate 50 problem of measuring times , which can be done very together on a common rotating shaft . Two sets of one or accurately . Suppose that we set t = 0 when the disks are in the more sensors are used , one set on a fixed base and a second position shown relative to the aligned reference positions . set that moves through the angle to be measured . The Suppose further that a , is the time when the mark on the first 
movable sensors rotate about the same axis as the rotating disk passes by the common reference position and that Bois disks . The measured angle is calculated based on the times 55 the time when the mark on the second disk passes by the when marks on the rotating disk ( s ) are sensed by the set of common reference position . If T is the time for one complete movable sensors compared to the times when marks are revolution then the angle Ac = ( ad / T ) . 360° and B . = ( B / T ) sensed by the set of fixed sensors . •360° . Similarly if t , is the time when the mark on the A starting point for understanding the SDSAMS is the second disk passes the rotated reference position , then simplified conceptual diagram in FIG . 1 . Suppose that we 60 B . + 0 = ( To / T ) . 360° . Consequently , by measuring the times do have two circular disks rigidly attached to a common and to we can measure the sum o as vertical axis and that there is a unique position marked on 
each disk as shown . Suppose further that there is a reference 
position for each disk , and that the reference position for the TO – AO 
second disk can be rotated about the common axis of the 65 
disks . The angle to be measured is the angle o through which 
the reference position for the second disk is rotated from a 

= - - . 3600 
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N - 1 

/ = 0 

If the angles are measured in this way , the choice of when Since 
to start the timer is arbitrary , since any offset to the start time 
just leads to equal offsets to do and to which will cancel in 
the difference . 
Now , consider the idealized situation where the disks 5 So ( ) = ( B ; – A ; ) + N $ 

rotate with a precisely constant angular velocity around a 
perfect axis , the upper movable reference point sweeps out = S . ( 0 ) + N $ 
the angle o by moving precisely around a perfect circle that 
is exactly centered on and perpendicular to the axis of the the equation can be solved for p to get rotating disks and where the times when the marks pass the 10 
reference points can be measured with perfect accuracy . In 
such an idealized situation , o would be measured exactly by So ( 0 ) S0 ( 0 ) the process just described and this measurement would be NN independent of the value of the angles A , and Bo . In 
mathematical terms , the angles A , and B can be arbitrary , 15 
but fixed . The simplified system just described , would As in equation ( 2 ) , this equation splits into two parts . The 
produce exact measurements of the angle if we could 1 ) first part can be measured using times and equation ( 5 ) . The 
rotate the disks at a precisely constant angular velocity second part S . ( 0 ) / N is a constant offset that only depends on 
around a perfect axis , 2 ) rotate a sensor around a perfectly the relative positions of the angles { A ; } and { B ; } . Neither 
circular path with the same axis as the axis of rotation of the 20 these angles nor the sum S . ( 0 ) need to be known , since as 
disks and 3 ) accurately measure the times when marks pass mentioned earlier , we can measure o at some location we 
sensors . In an actual implementation none of these things designate as the zero angle position and subsequently sub 
can be done exactly , however , as will be shown , some tract that measurement from angles measured using equation 
modifications to the simplified process described can easily ( 8 ) . 
improve the results by several orders of magnitude , and with 25 In some scenarios , if o is large , it may take nearly a full 
careful attention to the centering of the disks and sensor revolution after Ao passes the reference position before B . 
axes , most systematic errors can be significantly reduced . passes the shifted reference position . It would then take 
The contributions of various possible deviations from the essentially another full revolution for all of the remaining B ; 
ideal situation to the overall error in the measurement of o to pass the shifted reference position . Overall , it would take 
will be discussed later . 30 nearly two complete revolutions to measure all of the terms 

The first and simplest implementation improvement is to in the sum S . ( 0 ) . In this case , the angles { A ; } would be 
use more than one mark per disk . For example , if readily largely measured during the first revolution and the angles 
available encoder disks with 2 , 500 lines are used with { B ; } would be largely measured during the second revolu 
quadrature decoding , there will effectively be 10 , 000 distinct tion . Since in practice , the disk angular velocity will not be 
mark positions nearly evenly spaced around each disk and 35 perfectly constant this would introduce significant errors in 
we can make 10 , 000 measurements by the above process in the measurement . 
a revolution or two . In this case the resolution of the We can avoid this problem if we measure the “ B ” times 
measurement would be improved by a factor of 10 , 000 . during the same revolution as we measure the “ A ” times . 
Assuming the errors in the measurements are normally That is , if we start recording times with the disks rotating 
distributed , the standard deviation of the measurement 40 from the position shown , in FIG . 2 , the first “ A ” to be 
would reduce by a factor of 100 . To say this differently , by measured would be A , and the first “ B ” measured would be 
measuring the angle from the reference position to 10 , 000 BN - 2 . Continuing around the circle we could measure the 
marks on the disk , changing the reference position by angle sum 

changes the sum of those angles by 10 , 0000 . This effec 
tively increases the sensitivity of the measurement by a 45 
factor of 10 , 000 . 

The general case with N positions marked around each S2 ( 0 ) = [ ( Bi - 2 + 0 ) – A ; ] 
disk is shown in FIG . 2 . In this case , we would form the sum 
of angles 

50 where the shift of the subscript is calculated mod ( N ) . As will 
be shown , the shift of the subscript on B , can be handled 
easily . 

[ ( B ; + ) – A ; ] We call the general form of this sum the “ Shifted Delta Sum ” 
( SDS ) . 

55 
As before , assuming the disks rotate at constant angular 

velocity , this could be actually be measured using times as ( 10 ) 
[ ( B : - + 0 ) - Ail 

N - 1 ( 9 ) 
1 = 0 

N - 1 

N - 1 

sacao ) = 68 - + 4 ) – Ad i = 0 

60 

ÜM ( T ; - ; ) 3600 In this sum , { A ; } and { B ; } are two sets of N fixed angles 
So ( 0 ) = satisfying : 0°SA . < A , < . . . < AN - 1 < 360° and OºsB . 

< B , < . . . < BN - 1 < 360° . The angle o is the angle that is to be 
measured . Note that there are actually two shifts in this sum . 

where ay is the time when the mark at angle A , passes the 65 The subscript on the angles B ; are shifted by k , where the 
reference point and t ; is the time when the mark at angle B ; subtraction i - k is done mod ( N ) . Also , the angles in { B ; } are 
passes the reference point that is rotated by angle op . shifted by 0 . 



- 
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The exact values of the angles { A ; } and { B ; } are not 
theoretically important , and as before these angles do not ( 23 ) 
even need to be known , but just need to have fixed values . ( Ti - k - Qi ) 

In practice , it is both convenient and helpful for error Sk ( O ) = - 360° 
analysis , to have the same number of angles in each set and 5 
to have the angles at least nearly evenly spaced around the 
circle , as is the case with the angles of the division points on We can use any value of k that is convenient , and in the 
an inexpensive encoder disk . This sum is important since an idealized case , any k would work equally well ( actually 
electro - mechanical system can be constructed to essentially perfectly ) . In a real system , it is helpful to choose k so that 
measure this sum , and the Q angle can be calculated using 10 we start measuring both the A values and the shifted B 
this sum . values as soon as possible after starting the timer . Also we 

In order to see how the SDSAMS works , the following can start the timer at any convenient time , since any shift in 
interesting property of the SDS evaluated at 0 = 0 can be the time when t = 0 will affect both the a and t values equally , 
used . Specifically , we will show that for any k , S ( 0 ) is and will cancel in the difference . 
related to S . ( 0 ) by subtracting k - 360° . That is , 15 Since we know N and can directly measure S2 ( 0 ) , the first 

term on the right side of equation ( 23 ) can be measured . In 
SZ ( O ) = - k - 360° + S ( 0 ) ( 11 ) practice values of N in the range of 1 , 000 to 10 , 000 or larger 

This is most easily proven by mathematical induction . are easily used , and S2 ( 0 ) can be measured with high 
First , if k = 0 this equation is trivially correct . Suppose now resolution and accuracy . Therefore the first term can be 
that the equation holds for k = m . Then if k = m + 1 we have : 20 evaluated with very high resolution and accuracy . Since k 

and N are integers that are known or measured exactly , the 
second term does not introduce any error in the measure 
ment of o . As in the simpler form discussed earlier , the last 

Sm + 1 ( O ) = ( Bi - ( m + 1 ) – A ; ) term S . ( 0 ) / N is a fixed constant that is independent of o and 
25 k . Consequently , overall , this calculation forms the basis for 

a very high resolution and highly accurate system for 
( B ; - ( m - 1 ) - Bi - m + Bi - m - A ) measuring angles . 

To obtain the value of k in equation ( 23 ) , we will identify 
( Bi - ( m + 1 ) – Bi - m ) + ( Bi - m – A ; ) the specific angles A and B on the disks . The actual terms 

30 of the SDS that are measured for one complete revolution of 
the disks , starting at an arbitrary starting time , will include 

: - ) ( Bi - m - Bi - m - 1 ) + Sm ( 0 ) all of the angles { Bi - k + Q } and { A , } in sequence , mod ( N ) , but 
they will generally not start with the zeroth entry in either of 

: - 360° + Sm ( 0 ) these lists . If common optical encoders that have an index 
mark are used , the index mark can be used to identify the = - 360º – m - 360° + S0 ( 0 ) zeroth angle . If an implementation uses a different sensing 

= - ( m + 1 ) . 360° + S0 ( 0 ) method , such as magnetic marks on a disk surface , an 
additional track could be used to provide an index mark for 
each disk surface . In any case , if we define A , to be the angle 

Since O ' < B , < B , < . . . < By - 1 < 360° the summation in the 40 of the first mark following the index mark on the first disk , 
fourth line above is the complete sum of all of the differ - and define B , similarly on the second disk , we can determine 
ences of adjacent angles around the full circle , so it is the shift k by noting the position of A , and Bo in the 
precisely 360° . sequence of measured angles . The difference of the position 
Using this , we see that : numbers for B , and Ao , mod ( N ) , in the sequences of mea 

45 sured angles , is k . 
As an example , consider the configuration in FIG . 2 . 

Suppose that the disks rotate in the direction indicated and 
[ ( Bi - k + º ) – A ; ] that time is measured starting at the moment shown in the i = 0 diagram . Assume further that the reference position for disk 

2050 2 is rotated through the angle o as shown . In that case the A 
angles would be measured in the order A0 , A1 , A2 . . . and 

= Sx ( 0 ) + Nº the shifted B angles would be measured in the order BN - 2 + 0 , 
BN - 1 + 0 , Bo + , B , + . . . . As a result , Ao would be in position 

= - k · 360° + 50 ( 0 ) + N $ O in the sequence of A measurements and Bo + would be in 
55 position 2 of the B measurements , so k = 2 . 

Two example implementations of these principles were Solving this equation for o , we get : built to verify and demonstrate the ideas just described . The 
main structural components of the example implementations 
are machined out of alloy 7075 aircraft aluminum . The 

Sk ( 0 ) K 60 structural components have thick cross - sections to provide 
for mechanical strength and stability , good thermal conduc 
tivity and a long thermal time constant . Temperature varia 

It is worth noting that this equation holds for any choice of tions are a major limiting factor for any high accuracy 
k . If k = 0 , we have the case discussed previously and Sto ) measurement . Where possible , the structural components are 
can be measured using times when marks pass sensors , as 65 symmetric about the axis of rotation of the disks , to mini 
shown in equation ( 5 ) . In the general case we just measure mize angular changes due to changes in the ambient tem 
S : ( 0 ) using times as ; perature . 

i = 0 

N - 1 

SLO ) = ( 19 ) 
N - 1 N - 1 

= ( B 4 – 4 ; ) + k - A ; ) + 

( 21 ) 
( 22 ) 

Ñ + : 360° - So ( 0 ) N 



US 10 , 222 , 243 B2 
12 

The bearings , slip ring , optical encoders , and electronics plate passes through the slip ring , the rotating platform 
used in the example implementations are readily available assembly can rotate freely through as many complete revo 
industrial quality components . It is likely that the perfor - lutions as may be required . 
mance could be improved further by using special higher Lower clamp ring 10 , is a machined disk of 7075 alumi 
precision bearings , higher quality optical encoders , and 5 num that serves two purposes . First , it extends radially 
motor and by making further refinements to the materials beyond the edge of the main rotor ' s lower cylinder and is 
and overall design for thermal management . held against the bottom of the inner race of the main rotor 

Detailed design and test results for the first sample bearings 12 , by screws threaded into the bottom of the main 
rotor . The main rotor bearings are angular contact bearings implementation are described first . 

An exploded view of the rotating platform for the first 10 st 10 mounted " back - to - back ” , so this clamping action provides 
example implementation is shown in FIG . 3 . The rotating the preload force that brings the inner races together . Sec 

ond , the lower clamp ring also holds the slip ring assembly platform carries the movable reference point for the upper in place in the main rotor . disk in the conceptual diagrams . The parts shown in FIG . 3 The main non - rotating portion of the device is shown in ( other than the rotating disk assembly , 5 , 6 , and 7 ) rotate to 15 FIG . 4 . The spindle bearings , 12 , are fitted into the main change the measured angle , $ . The lower portion of the main bearing housing , 13 , and clamped in place by the upper 
rotor , 1 , is fitted into a pair of preloaded angular contact clamp ring , 11 . The upper clamp ring is fastened in place in 
spindle bearings , 12 , shown in FIG . 4 . The upper part of the the groove on the top of the main bearing housing . 
main rotor is hollowed out to contain the upper encoder disk , The drive motor is a custom designed efficient , low 
6 , and encoder sensor modules . 4 . Upper cover plate , 8 , 20 power , frameless brushless three phase motor consisting of 
fastens to the top of the main rotor to enclose the upper rotor , 14 , and stator 15 . In the first example implementation , 
encoder components . The upper cover plate also provides a the rotor is fabricated from a machined aluminum hub with 
convenient mounting surface for a mirror , polygon , tele twenty - four 3 / 16 " cube neodymium magnets epoxied around 
scope , tangent arm , or whatever device will be rotated to the rim in a Halbach array with six north - south pole pairs . 
change the measured angle , Q . 25 Arranging the rotor magnets in a Halbach array produces 

The upper encoder mounting plate , 2 , carries the encoder relatively strong concentrated magnetic poles . The rotor is 
modules , 4 , for the upper rotating disk . This plate also fastened to the rotating disks ' shaft , 5 . In the first example 
carries the upper bearing , 3 , for the shaft , 5 , that carries the implementation , the stator consists of eighteen small ferrite 
rotating encoder disks . In the first example implementation core inductors , 16 , epoxied in place in holes in a machined 
there are two encoder modules , as shown . In other scenarios , 30 Delrin ring . The coils are wired in a three phase " wye " 
there may be three , four , or more sensors mounted around configuration . Initial testing showed that this structure with 
the rotating disk on the upper encoder mounting plate . The neodymium magnets and ferrite core coils provides enough 
upper encoder mounting plate is fastened rigidly to the main torque for this application and consumes less power than a 
rotor , after being adjusted so that the axis of rotation of the conventional frameless brushless motor with laminated steel 
shaft , 5 , is precisely centered on the axis of rotation of the 35 cores . The number of magnetic pole pairs on the motor rotor 
main rotor . and corresponding number of coils in the motor stator affect 

The rotating disks ' shaft , 5 , is a precision 303 stainless the harmonic content of the motor ' s angular velocity error 
steel shaft that extends from the upper encoder disk down function . The number of magnetic pole pairs can be chosen 
through the upper encoder mounting plate , slip ring , driving to reduce the residual measurement error for a particular 
motor , lower encoder mounting plate and lower disk ending 40 number of encoder sensor modules . 
in the collar 18 that holds the thrust bearing 19 . The shaft is The motor is driven by a three phase sensorless brushless 
only partially shown as two separate short shafts in the DC motor driver , DRV11873 from Texas Instruments . While 
Figures , for illustration purposes . It is actually one continu - the DRV11873 integrated circuit does change the currents 
ous shaft . The shaft bearings , 3 , for the rotating disks ' shaft , supplied to the coils based on phasing information derived 
are double shielded ABEC - 7 deep groove ball bearings . The 45 from voltages across the coils , the motor is essentially driven 
shaft has a small collar ( not shown ) that is fitted on the shaft " open loop " without fine position or velocity feedback from 
below the encoder mounting plate . A small coil spring ( also an encoder . Early testing with other motor and driver com 
not shown ) is fitted around the shaft between this collar and binations that included closed loop speed control demon 
the bottom of the inner race of the upper shaft bearing , 3 . strated much worse performance , with much larger variation 
This spring provides a light preload to the bearing by gently 50 in the angle measurement on successive revolutions of disks 
pushing the inner race upward to remove any looseness in when the system was run " closed loop ” . The larger variation 
the bearing . in measured angle values when using “ closed loop ” speed 

The encoder modules and disks are from US Digital with control is most likely due to the servo system making 
2500 lines per revolution , giving 10 , 000 virtual marks per frequent adjustments to the rotation rate as the motor rotates . 
revolution , in quadrature . The bare Mylar encoder disks , 6 , 55 The stator is fastened in the hollowed out portion of the 
are carefully centered and epoxied in place on oversized lower frame cylinder , 17 . The motor leads and wires from 
machined aluminum hubs , 7 . the slip ring assembly are routed through the two notches 

The slip ring assembly , 9 , carries the power , index and shown in the top of the lower frame cylinder . The lower 
channel A , B signals for all of the encoders mounted on the frame cylinder is bolted to the bottom of the main bearing 
upper encoder mounting plate . The slip ring is fitted into a 60 housing , 13 . 
hollowed out section of the lower cylinder of the main rotor . The lower encoder mounting plate ( numbered 2 in Fig , 4 ) 
The wiring from the top of the slip ring passes through two is essentially identical to the upper encoder mounting plate 
off - center holes in the main rotor and through slots in the from FIG . 2 , In the first example implementation , the lower 
bottom of the upper encoder mounting plate to the edge of mounting plate carries two encoder modules for the lower 
the plate and then to the encoder modules . That wiring is not 65 rotating disk and also carries the lower bearing , 3 , for the 
shown . The slip ring has a hollow center through which the rotating disks ' shaft . In other scenarios , there may be three , 
shaft , 5 , passes . Since the wiring from the upper rotating four or more sensors mounted around the rotating disk on the 
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lower encoder mounting plate . The lower encoder mounting would be slightly ( 0 . 02 " ) below the surface of the thrust 
plate is fastened rigidly to the bottom of the lower frame plate . The axial component of the magnetic force attracting 
cylinder , after being adjusted so that the axis of rotation of the armature to the stator coil cores provides the slight 
the shaft , 5 , is precisely aligned with the axis of rotation of preload when the thrust plate is replaced in the slot . 
the main rotor . The shaft , 5 , also has a small collar ( not 5 Although there is only a light preload on the thrust 
shown ) that is fitted on the shaft above the lower encoder bearing , since there is a point contact between a perfect 
mounting plate , A small coil spring ( also not shown ) is fitted sphere and a perfect plane , the force per unit area at the point 
around the shaft between this collar and the top of the inner of contact between the bearing ball and the thrust plate 
race of the lower shaft bearing , 3 , to provide a light preload would be infinite . Therefore , the surface of the bearing ball 
to the bearing . 10 and / or the surface of the thrust plate will have to deform or 

The adjustment of the positions of the two encoder wear to provide a larger contact surface . The combination of 
mounting plates are relatively straight forward . Specifically , a silicon nitride ball with a TiN coated carbide thrust plate 
the position of the upper encoder plate was adjusted first by has worked quite well . A microscopic donut shaped wear 
checking the centering of the shaft , 5 , with a mechanical dial pattern developed after approximately a month of continu 
indicator while the main rotor was rotated through 360° . The 15 ous running , but there was no degradation in performance of 
screws that hold the upper encoder plate in place were the system during six months of continuous running . Other 
gradually tightened while the centering of the shaft was combinations of materials may also work well . 
checked . In this way the upper bearing was centered within The lower encoder disk assembly ( parts 5 , 6 , 7 ) , thrust 
about 0 . 0001 " which is the amount of runout in the bearings . bearing components ( parts 18 , 19 , 20 , 21 , 22 , 23 ) and lower 
After the upper mounting plate was properly centered , the 20 frame cylinder assembly ( parts 14 , 15 , 17 ) are enclosed in 
position of the lower mounting plate was adjusted while the lower cover cylinder 24 . The slot in the side of the lower 
gradually tightening its mounting screws . This adjustment cover cylinder holds a standard DB - 25 connector that carries 
was made to eliminate any significant " tilt ” of shaft 5 all of the power and signal lines to the electronics package 
relative to the axis of rotation of the main rotor . This where the data from the encoder modules is processed . The 
adjustment was done using an autocollimator to simultane - 25 lower cover plate , 25 , attaches to the bottom of the lower 
ously view the images reflected by a mirror temporarily cover cylinder to close off the mechanism . 
fixed to the top of the main rotor and a second mirror FIG . 6 is an image of the electronics package for the first 
temporarily fixed to the end of shaft 5 . The mirror on the example implementation and FIG . 7 shows the wiring dia 
main rotor was set so its surface was perpendicular to the gram for the circuitry connecting the encoders to the micro 
axis of rotation of the main rotor . The mirror on shaft 5 was 30 processor board . The power input connector , 26 , gets power 
set so that its surface was perpendicular to the axis of from a simple wall mounted 5 VDC power adapter . The 5 
rotation of shaft 5 . The autocollimator measured the angular VDC directly powers the microprocessor and motor con 
offset of the two axes based on the difference in the positions t roller subsystems . There are separate 3 . 3 volt linear regu 
of the reflected images . In this way , the lower bearing was lators for supplying power to the encoders , signal condi 
adjusted so that the tilt between the two axes was less than 35 tioning circuits , WiFi module and display subsystems . The 
about 10 arc - seconds . DRV11873EVM motor driver board , 27 , is on the lower left 

FIG . 5 shows the lower encoder disk , thrust bearing with its output wired to connector 28 . The inputs for the four 
assembly and lower covers . The thrust bearing consists of a encoder modules , 29 , are connected to some basic signal 
precision silicon nitride ball , 19 , centered on the end of shaft conditioning circuitry . The channel A , B and index data lines 
5 , held in position by retaining collar 18 . The bearing ball 40 from the encoder modules are terminated with pull up 
has the same diameter as shaft 5 . The bore through collar 18 resistors . 30 , to improve the signal rise times . The data lines 
was reamed to produce an interference fit with the shaft 5 first go to two 74AC14N hex input Schmidt trigger inverters , 
and the bearing ball . The interference fit provided a simple 31 , to provide some noise immunity and to reduce the signal 
way to both fasten the ball to the end of the shaft and also rise time for properly driving the subsequent logic circuits . 
to insure that the ball was accurately centered on the axis of 45 The outputs of the Schmidt triggers go to two 74AC11086N 
the shaft . quadruple two - input XOR gates , 32 . For each encoder , the 

The thrust plate 20 , is fitted into a slot machined in the Schmidt trigger outputs carrying the A , B signals go the two 
bottom bearing bar , 23 and held in place with a small clamp inputs of one XOR gate . The output of the XOR gate will 
21 . The bearing bar is bolted to the bottom of the lower have one signal transition for each signal transition on either 
frame cylinder , 17 , through two stainless steel standoffs , 22 . 50 of the A or B channels . This reduces the number of separate 
The bottom of the slot in the bearing bar was machined with bits of data that are connected to and handled in the 
three slightly raised spots , one of which is centered on the microprocessor . The output of the Schmidt trigger that 
axis of the rotating shaft . The three raised spots guarantee corresponds to the index channel goes to one input of an 
that the thrust plate will settle in a stable position in the slot . XOR gate , with the second input tied high . This gate 
In the first example implementation , the thrust plate is a flat 55 functions as an inverter which cancels the inversion of the 
1 / 2 " square 1 / 8 " thick titanium nitride coated carbide tooling index pulse in the Schmidt trigger and also makes the signal 
insert . The carbide insert is readily available , inexpensive path for the index pulse identical to the signal path for the 
and extremely hard . If excessive wear occurs , both the A , B signals , to reduce any signal skewing that might occur 
silicon nitride ball and the carbide thrust plate are easily between the A XOR B signal and the index signal . 
replaceable . In fact , different portions of the same carbide 60 In the first example implementation , the computations are 
insert can be used for the thrust bearing by rotating the insert performed on an XMOS XC - 1A microprocessor develop 
by 90° or by shifting the insert laterally in the slot . ment board . The processor , 33 , on this board has four 

A slight axial preload was applied to the thrust bearing by physical cores ( now called tiles by XMOS ) each of which 
removing the thrust plate and adjusting the position of the can run 8 independent threads ( now called virtual cores by 
motor armature on the shaft . The position was set so that the 65 XMOS ) with precise real - time timing capabilities . The con 
armature was at a stable “ neutral ” position in the center of ditioned data lines from all encoders are wired to input pins 
the stator when the thrust bearing ball ended at a point that on three of the cores , in parallel , in an identical manner . 
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Thus , each of these three cores monitors the same stream of bearings used in the example implementations , the runout is 
data from the encoders and does a complete calculation of specified as 0 . 0001 of an inch . 
the angle , based on data from complete revolutions of the Very small errors can have a significant effect on high 
disks . Each of these three cores accumulates the times when accuracy measurements . In particular a shift of 0 . 0001 of an 
the marks pass the encoders and evaluates the Shifted Delta 5 inch in the position of the shaft would correspond to an 
Sum , equation 24 , and essentially evaluates the angle using angular change of roughly 20 arcseconds at the edge of a 2 
equation 23 . However , the data used and the calculations on inch in diameter encoder disk . Of course the complete 
the three cores are not started simultaneously . Specifically , measurement with the SDSAMS is not based on the mea 
the second core starts analyzing data 1 / 3 of a revolution after surement of the position of a single mark , but sums the 
the first core , and the third core starts analyzing data 2 / 3 of 10 differences of angles between pairs of marks . As a result , we 
a revolution after the first core . In this way the data rate is expect the variation in the complete measurement , due to 
tripled , though the latency of any one calculated result is not bearing errors , to be substantially less than 20 arcseconds . 
reduced . The measurements from each of the three analysis While the actual values of the angles to individual marks 
cores are sent to the fourth core , which both streams all of don ' t matter for the SDSAMS , the angles should not change . 
the individual measurements to the WiFi module , 36 , and 15 Bearing errors effectively cause changes in the angles of the 
forms averages of small groups of measurements for display graduations for measurements made on different revolutions 
at a lower , human readable rate , on the LCD display module , of the disks . 
35 . Options , such as the number of marks on the disks and FIG . 9 shows the result of a three minute test where the 
diagnostic modes , are set on jumper block 34 or using the rotary platform was held in a fixed position , using that 
four pushbuttons on the XC - 1A development board . 20 position as the 0° position . The complete sequence of 

In other scenarios , different types of signal conditioning roughly 5000 measurements during this time period was 
and computation units may be employed , including but not recorded and is shown in FIG . 9 . The sequence of measure 
limited to different microprocessors , field programmable m ents produced by two separate sets of encoders as well as 
gate arrays and digital signal processors . the combined measurements produced by the first example 

The first example implementation was tested in several 25 implementation were recorded and are shown . Specifically , 
ways to verify its stability , sensitivity and accuracy . All tests the two movable encoders on the rotating platform are 
were carried out in an ordinary indoor environment that was numbered 3 and 4 and the two fixed encoders on the lower 
not temperature controlled by any means other than the mounting plate are numbered 1 and 2 . Encoders 3 and 4 are 
ordinary building heating system . Consequently , there were placed around the upper disk , separated by 180º . Encoders 
temperature swings of slightly more than 1° Celsius when 30 1 and 2 are placed around the lower disk , also separated by 
the heating system ran . These temperature variations 180° . The lower graph in FIG . 9 shows the measurements 
occurred with time intervals ranging from about 15 minutes based on encoders 1 and 3 only . The upper graph shows the 
to several hours depending on outdoor temperatures . FIG . 8 measurements based on encoders 2 and 4 only . The middle 
shows a graph of the ambient temperature over a represen graph is the average of the upper and lower graphs , which 
tative eight hour period . 35 is the result finally produced by the first example imple 

Since very small angular changes can be detected by the mentation . 
device , some of the errors observed in the tests were The noise level in the results from encoders 1 and 3 and 
certainly due to thermal effects in the measurement setup as from encoders 2 and 4 are about 0 . 42 arc - seconds peak - to 
well as in the device itself . It is important to note that the peak . This is quite consistent with the level that would be 
excellent performance of the device described in the fol - 40 expected due to bearing noise , when 10 , 000 measurements 
lowing sections was obtained even with these changes in the are summed . Also , since any lateral shift in a disk ' s position 
ambient temperature . The device itself has a thermal drift of due to bearing noise will introduce an equal but opposite 
approximately 0 . 7 arc - seconds per degree Celsius for small shift relative to the 180° opposite encoder , the measurement 
long - term average temperature changes of a few degrees errors due to bearing error should nearly cancel when the 
Celsius around room temperature . Since the device is made 45 results from both sets of encoders are combined . This 
with relatively large thick section aluminum structures , the occurs , as shown by the middle graph , which has a peak 
thermal time constant is fairly long . Extensive tests of the to - peak noise level of less than 0 . 02 arcseconds . 
device over wide temperature ranges have not yet been Unfortunately , while error cancellation using two dia 
performed . metrically opposed encoders will compensate for the radial 

The individual angular measurements produced by the 50 bearing errors , it will not compensate for angular velocity 
device vary slightly with each revolution of the spinning errors , or for axial motion of the disks . These factors , along 
disks , even when the rotating platform carrying the movable with the fact that in practice the two encoders for one disk 
encoders is not moved . These variations appear to be due will never be separated by exactly 180° , are most likely the 
both to errors in the shaft support bearings and to variations source of the residual noise level in the middle graph . 
in the angular velocity of the rotating disks . 55 It should be noted that if the pairs of encoders were 

The errors in the rotation of the spinning disks due to exactly separated by 180° then the three graphs in FIG . 9 
bearing errors have at least the following sources . First , would each be centered around the same value and overlap . 
neither the inner or outer races are perfectly circular . Sec - The offset between the results from the two sets of two 
ond , the size of the individual bearing balls varies slightly encoders is about 89 . 5 arcseconds , which represents the 
from ball to ball . Third , the bearing balls are not perfect 60 amount by which the placement of the diametrically 
spheres . Fourth , there will be microscopic dirt particles that opposed encoders differs from 180° . This would correspond 
will come between the bearing balls and bearing races at to an error of about 0 . 00045 inches at the edge of a 2 inch 
random times as the shaft rotates . The effects of these factors in diameter encoder disk . 
are not easy to isolate and can never be fully eliminated in The first example implementation does exhibit some drift . 
any actual physical bearing . We assume that the combined 65 A short term drift of a few tens of milli - arc - seconds typically 
effect of all of these errors is of the same order of magnitude occurs over time periods of ten to twenty minutes . This drift 
as the specified radial runout of the bearings . For the may be due to thermal changes gradually moving though the 
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mechanism . Longer term drift of a few tenths of an arc taken over more than one hour , as the piezo actuator was 
second occurring over time frames of several hours is slowly ramped back and forth through its range . 
strongly correlated with changes in the ambient temperature . The data shown in FIG . 12 were also examined more 
There is also noticeable drift of about 50 milli - arc - seconds closely . Although the correspondence between the actuator 
in a minute or two , immediately after making an adjustment 5 displacement and angular position is not exactly linear , over 
to the position of the rotating platform . This is most likely such a small arc , the correspondence is essentially linear . To 
due to the mechanical bearings and adjustment mechanism check the linearity of the device , the data for each of the 
" settling ” into the new position . The radius of the main positive going ramps was extracted and a line was fit to the 
bearing races is roughly 1 . 75 inches and at that radius a data using least squares . The negative going ramps were 
change of 50milli - arc - seconds corresponds to a movement 10 similarly extracted and fit with a line . The RMS differences 
of less than a half of a millionths of an inch . between the least squares lines and the measured values 

It should be emphasized that if the device is used for were between 8 and 15 . 3 milli - arcseconds for the eight 
relative measurements over a reasonably short period of ramps shown in FIG . 12 . For the positive going ramps , the 
time , any longer term drift would not affect the measure - piezo material in the actuator was expanding and the maxi 
ment . That is , longer term drift would not represent a change 15 mum difference between the measured value and the least 
in the accuracy of the device for relative angle measure - squares line did not exceed 32 milli - arcseconds . This is 
ments , but only reflects the fact that if the rotating platform within the specified 0 . 1 % linearity of the piezo actuator . For 
were locked in one position for a long period of time , the the negative going ramps , the piezo material in the actuator 
angle measured for that position will gradually drift over was contracting and the maximum difference between the 
time , largely due to thermal effects . 20 measured value and the least squares line was about 45 

Testing of the first example implementation ' s response to milli - arcseconds near the start of the scan and less than 35 
small changes in angle was done using a piezo actuator . The milli - arcseconds for the remainder of the scan . The error at 
specific piezo actuator and driver used ( Queensgate DPT - the beginning of the scan slightly exceeds the specified 0 . 1 % 
C - S with Queensgate CM - 150 control module ) provide a linearity specification of the actuator . This may be due to 
total travel of approximately 15 microns and a smallest step 25 some residual hysteresis in the actuator or some small error 
of approximately 1 nanometer . The specified linearity for the in the motion of the main rotating platform as the direction 
piezo actuator with matched driver is 0 . 1 % of full scale . The of rotation reversed . In any case , the differences from 
piezo actuator was attached to the device ' s frame in such a linearity are well below the claimed 0 . 1 arcsecond accuracy 
manner that it could exert a tangential force on the device ' s of the first example implementation . It should be noted that 
main rotary platform at a radius of 84 mm . 30 this test shows that the embodiments disclosed herein do not 

As a first test , the piezo actuator was repeatedly stepped have a complicated small angle error function since the 
back and forth through its minimum step of 1 nanometer . A response to small angular changes is very linear . 
step of this magnitude at a radius of 84 mm should drive the In order to evaluate the performance of the first example 
device back and forth through a square wave with a peak - implementation over larger angles , a test was done using a 
to - peak amplitude of 2 . 46 milli - arcseconds . The output of 35 precision linear stage to generate angular motions up to 
the device under this stimulus is shown in FIG . 10 . The about 11° . A conceptual diagram of the test apparatus is 
graph shows each individual measurement over approxi - shown in FIG . 13 . The correspondence between the distance 
mately three cycles of the square wave . A motion of this moved along the x - axis and the angle is non - linear . Specifi 
magnitude is nearly lost in the noise level of the device , cally , since sin ( a ) = x / R the angle a = arcsin ( x / R ) . The angle 
although the pattern of motion is detectable when multiple 40 a is measured by the first example implementation . 
samples are observed . FIG . 10 also includes a graph of The actual test was conducted as follows . One end of a 12 
moving averages over intervals of length 1 / 2 the period of the inch long granite bar was fastened to the main rotary 
square wave . The moving average graph is a triangle wave platform of the device . A 1 inch in diameter ball bearing was 
with a peak - to - peak amplitude of roughly 2 milli - arcsec - attached to the other end of the granite bar . The effective 
onds , as expected . 45 radius , R of the test setup is the distance from the center of 

For a second test , the actuator was repeatedly stepped the ball bearing to the axis of rotation of the main rotary 
back and forth through enough steps to give a square wave platform . A small optical flat was mounted on the moving 
with a peak - to - peak amplitude of roughly 20 milli - arcsec - platform of a precision linear stage , with its face perpen 
onds . The output of the device under this test is shown in d icular to the x - axis . The ball bearing at the end of the 
FIG . 11 . The FIG . also shows a graph of moving averages 50 granite bar was held against the face of the optical flat by a 
over intervals of 9 half - periods of the driving square wave strong magnet behind the optical flat . Motion along the 
This should produce a triangle wave with amplitude equal to X - axis was controlled by setting the position of the moving 
1 / 9 of the square wave amplitude , or about 2 . 2 milli - arcsec - platform of the linear stage , under computer control . The 
onds . The triangle wave of this amplitude is clearly visible . particular stage used ( Klinger MT160 ) has a precision 
Based on these two examples , it appears that the device will 55 diamond corrected lead screw that is turned by a stepper 
be able to easily detect changes on the order of a milli - motor through a precision planetary gearhead . The accuracy 
arcsecond using averages of multiple readings . of the lead screw is specified as + 2 microns over 100 mm 

To test the accuracy of the device for small angles , the with a repeatability of about 1 . 0 micron for successive 
piezo actuator was repeatedly ramped up and down through motions over 20 mm . The smallest full step of the stepper 
its full range of motion , using the smallest step size sup - 60 motor moves the stage by 1 micron . A Parker micro - stepping 
ported by the Queensgate controller . The controller uses a drive was used to drive the stage in 0 . 1 micron steps . 
14 - bit command word , so 214 - 1 = 16 , 383 steps were repeat - The test was performed by stepping the linear stage 
edly made in each direction . The step rate was set to roughly through a distance of 63 mm in steps of 0 . 1 micron , at a rate 
correspond to the sample rate of the first example imple - roughly corresponding to one step per reading of the angle 
mentation so there are approximately 15 , 000 individual 65 on the first example implementation . The time required for 
measurements in each of the ascending and descending one test was a little under 6 hours and more than 600 , 000 
ramps . In all , FIG . 12 graphs nearly 120 , 000 measurements samples were taken . The angular range covered was from 
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roughly - 5 . 6 degrees to roughly + 6 . 2 degrees . A non - linear sistent results . Since the partial test with the 72 sided 
least squares fitting routine was used to fit the data to the polygon also provides information about higher harmonics 
sinusoidal model described above . The difference between in the error function than can be seen in the tests with the 
the data and model at all 600 , 000 sample points is shown in smaller polygons , the results of the test with the 72 - sided 
FIG . 14 . Note : The x - axis is labeled with the total distance 5 polygon will be discussed in more detail . 
along the x - axis . The zero position for the angle a is at about A complete test with an N - sided polygon requires N ( N + 1 ) 
- 33 mm along the x - axis in FIG . 14 . measurements and constructs a system of N² + 2 linear equa 

The errors shown in FIG . 14 range between + 0 . 75 arc - tions in 2N unknowns . The 2N unknowns are the errors at 
seconds , which is much worse than the claimed 0 . 1 arcsec the N evenly spaced points for each of the two devices used . 
ond accuracy of the device . However , on closer inspection 10 For example , for a complete test with N = 12 , 156 measure 
we see that the main part of the error is a periodic variation ments are needed which leads to 146 linear equations in 24 
with an amplitude of roughly + 0 . 5 arcseconds that is shifted unknowns . A complete test with N = 72 , would require 5 , 256 
by varying amounts along the path . The effective radius R of measurements , and would lead to 5 , 186 equations in 144 
the granite bar is 305 . 811 mm and at that radius , a change unknowns . The resulting system of equations is over - deter 
of 1 micron corresponds to an angular change of about 0 . 67 15 mined ( extremely so for large N ) , and can ' t be solved 
arc - seconds . The periodic variation in the error repeats exactly due to experimental errors in the measurements . 
precisely every 1 mm , which is the pitch of the lead screw However , the system can be solved in the least squares sense 
in the linear stage . The errors that these data are showing to provide the set of values that most nearly satisfies all of 
appear to be largely the error in the motion of the linear the equations . 
stage , due to lead screw errors and other errors in the motion 20 FIG . 16 shows the test set up with the 72 - sided polygon . 
of the stage . That is , it appears that FIG . 14 is showing lead The polygon is mounted on the top of the rotary platform of 
screw errors on the order of 1 micron or less in great detail the first example implementation . The rotary platform also 
by observing angular changes from a distance of about 1 has a worm gear attached that is driven by the stepper motor 
foot . shown on the left side of the image . The electronic autocol 

To test this hypothesis , the mounting of the granite bar on 25 limator is pointed at a face of the polygon . 
the rotary platform of the device was adjusted so that the The test with the 72 - sided polygon was carried out as 
angle was shifted by 5° which is about half of the range follows . First , the platform of the device was rotated to the 
swept out during the test . The test was then run again , using point where the measured angle was 0° plus a small incre 
exactly the same portion of the travel range of the linear ment ( 30 arc - seconds ) to avoid possible ambiguity due to 
stage . If the pattern of errors was due to errors in the angle 30 measurement noise causing values to jump from slightly less 
measurement made by the first example implementation , the than 360° to slightly more than 0° . Next , the 72 - sided 
pattern should shift in the new data . If the pattern of errors polygon was fastened to the top of the rotating platform with 
was due to errors in the motion of the linear stage , the pattern its 0° face perpendicular to the axis of the electronic auto 
of errors should be nearly unchanged . FIG . 15 shows the collimator to within 5 arc - seconds . The autocollimator was 
results of running the test after shifting the angular range 35 used as a null detector to avoid autocollimator calibration 
covered by the first example implementation . There is very error . 
good agreement between the error patterns shown in FIGS . Data for this setting of the polygon on the table was then 
14 and 15 . In particular , the RMS difference between the collected at each of the faces of the polygon . Specifically , the 
curves is 0 . 077 arcseconds , over the full set of roughly stepper motor was commanded to move each face , in turn , 
600 , 000 measurements . This error is actually a combination 40 to be roughly perpendicular to the axis of the autocollimator . 
of any errors in the angle measurements made by the first The autocollimator reading was then used as an error signal , 
example implementation and any errors due to less than and the data acquisition program adjusted the rotation of the 
perfect repeatability of the linear stage ' s travel . Thermal polygon to zero out the reading from the electronic auto 
drift of any portion of the experimental setup during the collimator . The difference between the angle measurement at 
roughly twelve hour test period would also add to the 45 that point and the corresponding evenly spaced angle value 
measured error . An error of 0 . 077 arcseconds at a radius of is the sum of the errors in that polygon face and the angle 
305 mm would correspond to an error of slightly more than measuring device at that point . This process was repeated 73 
0 . 1 micron in the linear stage ' s position which is much less times , starting at face 0 and eventually returning to face o 
than the linear stage ' s repeatability . In any case , it certainly again after carrying out the process at each of the other faces . 
appears that the RMS error in angle measurement by the first 50 The 72 differences between these measurements at 73 suc 
example implementation is no more than 0 . 077 arcseconds cessive faces gives 72 linear equations in 144 unknowns . 
over the 11° interval covered by this test and is probably The fact that the sum of the errors in the differences around 
significantly less than that . the full circle is zero for both the polygon and the angle 

The full circle accuracy of the device was tested using a measurement device give two additional linear equations in 
slightly modified version of the well - known dual closure 55 the 144 unknowns . 
method . The dual closure method allows for the simultane After making measurements of all faces of the polygon 
ous calibration of two devices at N uniformly spaced angles with the 0° face fixed at the initial position of the angle 
around the circle . No external standard is needed . The measurement device , the position of the polygon on the table 
calibration ultimately relies on the mathematical fact that the was adjusted so that the 0° face was fixed at the second 
sum of the differences between successive angles around a 60 evenly spaced position of the angle measurement device . 
circle is precisely 360° . The process described in the previous paragraph was then 

The tests were carried out using the first example imple - repeated entirely , making 73 measurements using the faces 
mentation as one of the two devices and an optical polygon at 0° , 50 , 10° , . . . , 350° , 355° , 0° at this setting of the 
as the second of the two devices . Complete tests were run polygon on the rotating platform , to obtain another 72 linear 
using polygons with N = 8 , 12 , 15 , 17 and 18 sides . Partial 65 equations . 
tests were carried out with a polygon with N = 72 sides . The In our test , this process was repeated 15 times , starting 
tests with all of the different polygons provided very con - with polygon face 0 fixed at uniformly spaced positions on 
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the angle measurement device ranging from essentially 0° to gives readings with errors that are essentially pure second 
essentially 70° in 5° increments . This provided 15 x72 harmonic functions , as shown in FIG . 19 . If we add a second 
+ 2 = 1082 equations in 144 unknowns . The results of solving pair of encoders shifted by 90° from the first pair , the data 
these equations ( in the least squares sense ) are shown in being measured by the second pair will have an error that is 
Figs . 17 - 20 . 5 90° further along the error curve than the first pair . If we 

The data were collected and analyzed in two ways . In the subtract 90° from the measurement from the second pair and 
first case , the data from 180° opposite encoder pairs was average it with the reading from the first pair , the errors will 
NOT used . That is , in the first case the angles were only cancel . That is , the sum of the errors at any two points measured using encoders 1 and 3 . In this case the error in the separated by 90° would be exactly zero if the error was angle measurement device ranged between - 2 and + 2 arc - 10 exactly a two cycle sinusoidal function . NOTE : Adding 
seconds as shown in FIG . 17 . These sub - optimal results are encoders may NOT cancel measurement errors due to axial expected , since the error - cancelling benefits of using data runout of the main bearings , since such errors will affect all from 180° opposite pairs have been intentionally omitted . encoders on the rotating platform simultaneously . Additional meaningful information about the error func 
tion is obtained by taking the discrete Fourier transform of 15 Similarly , it can be shown that as few as three equally 
the error data . The magnitude of the Fourier transform spaced encoders on the upper rotating platform will ensure 
shows information about the harmonic structure of the cancellation of the portion of the two cycle sinusoidal 
errors . Since there are 72 evenly spaced sample points component of the error function that is due to motor speed 
around the circle , by the sampling theorem , the Fourier errors and disk mark errors . More generally , the number of 
transform will have information on harmonics up to the 36th 20 encoders and the number of magnetic pole pairs on the 
harmonic . That is , patterns that repeat every 10° or slower , motor can be adjusted for different applications to balance 
will show up in the Fourier transform . This information will cost , size , reading noise and residual errors . 
complement the previous test which covered an interval A second sample implementation was constructed to 
somewhat larger than 10° in length . illustrate these concepts . The second sample implementa 

FIG . 18 shows the Fourier transform of the data in FIG . 25 tion ' s sensor head and electronics package have the same 
17 . As expected , there is a strong fundamental ( “ once around overall design as the first sample implementation with 
error ” ) visible in the Fourier transform . The relatively large several changes . The second sample implementation sensor 
noise level in data from a single pair of encoders shown in head is pictured in FIG . 21 , with the upper cover plate 
FIG . 9 , was smoothed out in this experiment by measuring removed , and the electronics package is pictured in FIG . 22 . 
the angle at each polygon face for about 1 . 5 minutes and 30 The principal changes incorporated in the second sample 
averaging the measurements . As will be discussed later in implementation are : 
regard to angular velocity errors , the remaining first order The main bearing housing , 37 , is cylindrically symmetric , 
error is due to the systematic interaction of the angular rather than rectangular , and extends from the upper 
velocity errors in the rotation of the pair of disks with clamp ring for the main bearing , 38 , to the base of the 
eccentricity error in the mounting of the disks along with any 35 unit . This implements the original design concept of 
other first order errors in the positions of marks on disk . The maintaining symmetry about the axis of rotation of the 
surprising thing is that essentially all of the errors are disks when possible . This also reduces uneven radial 
concentrated in the fundamental and second harmonic . All pressure on the main bearings due to uneven residual 
higher harmonics , up to the 36th harmonic are essentially stress in a rectangular main bearing housing as was 
zero . This is very useful information . If we can substantially 40 used in the first sample implementation . Uneven radial 
reduce the first and second harmonic error , we can reduce all pressure can " pinch ” the main bearing horizontally , 
errors to a very low level . leading to increased axial runout . 

The fundamental “ once around error ” can be reduced to The rotating platform carries three encoder sensor mod 
very low levels just by using data from two pairs of ules , 39 , separated by 120° around the upper encoder 
encoders , separated by 180° . FIG . 19 shows the errors that 45 disk . There are another three fixed encoder sensor 
result when the data from encoders 1 and 3 is combined with modules fastened to a mounting plate in the main 
the data from encoders 2 and 4 . In this case the error curve bearing housing . Data from each of the three moving 
is nearly a pure second harmonic sinusoidal function . The encoders is combined with data from each of the three 
Fourier transform of this error function is shown in FIG . 20 . fixed encoders and the results of all nine combinations 
As expected , the fundamental has been substantially reduced 50 are shifted appropriately and then averaged . This 
and most of the remaining error is concentrated in the second reduces or eliminates the portion of the second order 
harmonic . In FIG . 19 , the measured error data points are error that is due to the interaction of motor speed 
marked by the “ + ” symbols and the solid curve shows the variations and encoder disk mark position errors . 
best fit sinusoidal function . The difference between the data The drive motor rotor has five north - south pole pairs 
values and the best fit sinusoid is less than 0 . 1 arcseconds , 55 formed from twenty neodymium magnets arranged in a 
so using the best fit sinusoidal function to correct the Halbach array . The stator consists of fifteen small 
calculated angle reduces the error to less than 0 . 1 arcsec ferrite core inductors epoxied in a machined Kevlar 
onds . filled nylon ring . The coefficient of thermal expansion 

The portion of the second harmonic error that is due to for Kevlar filled nylon nearly matches that of alumi 
motor speed errors and disk mark errors can be reduced by 60 num . 
using three or four encoders equally spaced around a circle The main bearings are a larger pair of precision of axial 
on upper rotating platform . Suppose that there is no axial angular contact bearings with a 60° contact angle , 
runout in the main bearing and that the two cycle error curve instead of a pair of precision spindle bearings with a 
in FIG . 19 is due entirely to motor speed errors and disk 25° contact angle . This increases the axial rigidity of 
mark errors . To see how this works for four encoders on the 65 the main bearing assembly . 
rotating platform , note that the error using one pair of The thrust bearing for the axle carrying the spinning disks 
encoders on the upper rotating platform , separated by 180° consists of a silicon carbide ball pressing on a hardened 
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440C steel thrust plate . This particular combination of Any physical embodiment of these concepts will fail to 
materials was chosen to reduce the wear rate . meet these conditions to some extent . The following para 

The computations previously described are carried out in graphs discuss the errors due to failing to meet these 
a prototype electronics package built around four inex conditions . It should be noted that there are both random , 
pensive XMOS StartKit development boards , 41 , 5 non - recurring errors and systematic repeatable errors . Since 
instead of a single quad core development board . The random errors can be dealt with by averaging multiple 
microprocessors monitor the data and communicate via measurements , the systematic repeatable errors are often the 
a simple bus arrangement and process the data from the most serious and difficult to deal with . 
encoders in parallel . This architecture replaces the now Errors in the actual measurement of the times when marks 
obsolete development board used in the first sample pass reference points have several origins . First , there will 
implementation with less expensive current hardware . be some uncertainty in the times when the optical encoder 
The structure uses one development board as the “ mas modules switch their output on the A , B or I channels based 
ter " to control the sequencing of the calculations and to on the optical signal . The output of the encoder heads are 
output the results . The bus structure can be easily 15 nominally square waves , but the encoder modules used in 
configured with between one and eight " slave " pro - the example implementations produce signals which have 
cessing units that perform the calculation over succes - rise and fall times on the order of 100 nano - seconds . The 
sive overlapping complete revolutions of the encoder signals from the encoders will be slightly delayed and 
disks . The resulting angular measurements are subject to various sources of noise as they travel to the 
streamed out over one or both wired and wireless 20 Schmidt trigger signal conditioning circuits . There will be 
Ethernet connections , 43 . The same signal conditioning some uncertainty in the times when the Schmidt triggers 
circuitry , motor control unit , 42 , and display , 40 , are actually switch their outputs based on the somewhat dis 
used as were used in the first sample implementation . torted signal they actually receive from the encoder mod 
To accommodate data from the larger number of encod ules . There will be propagation delays on the order of 10 
ers , a 37 - pin connector , 44 , and cable are used . 25 nano - seconds through the Schmidt triggers and XOR gates . 

As before , the full circle accuracy of the second sample There will be some uncertainty in the time when the input 
implementation was tested using the dual closure method circuitry on the microprocessor port detects a transition on 
and polygons with 12 , 17 and 72 sides . Complete dual the input signal . The microprocessor input ports are clocked 
closure tests were run using 12 and 17 sided polygons . The by a 100 Mhz signal , and times are measured in 10 nano 
test with the 72 sided polygon used 23 sets of 73 measure - 30 second steps in the microprocessor , which will introduce 
ments with the sets having the polygon ' s face o fixed at some quantization error . Finally , there will be some error in 
angles 0° , 50 , 10° , . . . 110° respectively . The results of the the microprocessor clock itself . 
tests with the different polygons were consistent . Some of these errors will be systematic . In particular , all 

Since the test with the 72 sided polygon can reveal higher of the signal delays involved are systematic . Also , since any 
harmonics in the error function , those results are shown in 35 transitions on the inputs of the microprocessor will be time 
FIGS . 23 and 24 . The points marked in FIG . 23 show the raw stamped at the next 10 nano - second clock pulse , the quan 
uncorrected errors at 72 evenly spaced positions around the tization error could be considered a systematic delay of 5 
circle . The solid line shows the systematic error in the nano - seconds along with a random error around that delay . 
measurements determined from the first three Fourier coef - Fortunately , such systematic timing errors don ' t matter for 
ficients . FIG . 24 shows the Fourier transform of the uncor - 40 the following reasons . First , some of the delays affect all of 
rected errors . The error function is a slowly varying function the signals and it ' s the differences between transition times 
of the angle which could be easily corrected using a best fit that are important . To the extent that all signals are delayed 
low order trigonometric sum as a calibration curve . equally , the delay will cancel in the difference . Second , if 
As expected , the magnitude of the second harmonic error some channel is systematically delayed by more than 

in the second sample implementation has been substantially 45 another channel , the effect is that the corresponding sensor 
reduced compared to the second harmonic error in the first is slightly displaced tangentially or equivalently that the set 
sample implementation . Specifically it was reduced by a of angles viewed by that sensor are slightly misplaced . 
factor of more than 20 , to approximately 0 . 02 . The inherent However , since the actual value of the angles to the marks 
raw uncorrected error was also reduced from an amplitude on the disk are not critical , this type of systematic error can 
of approximately 0 . 9 arcseconds to an amplitude of approxi - 50 also be ignored . 
mately 0 . 25 arcseconds peak - to - peak . In both sample imple There may also be a systematic drift in the microprocessor 
mentations the error is slowly varying and could be easily clock . However , the microprocessor clock is ultimately 
corrected using a low order trigonometric function as a controlled by a crystal oscillator , so the drift should be quite 
calibration curve . small over the roughly 0 . 1 second time frame of one 

The embodiments disclosed herein provide a means to 55 revolution of the rotating disks . Since the measured times 
exactly measure angles if the following conditions could be are scaled by the total time for one revolution of the disks , 
met : the absolute time measurement is non - critical . 

The times when marks pass the reference point are The remaining timing errors are random , such as varia 
measured with perfect accuracy . tions in the triggering times of the Schmidt triggers on the 

The platform holding the movable sensor ( s ) rotates in 60 rising and falling edges of the signals from the encoder 
perfectly circular motion with zero radial and axial modules . It should be noted that a timing error of 10 
runout . nano - seconds could matter . Specifically , in the example 

The two disks rotate together about an axis with zero implementations , the total revolution time is on the order of 
radial and axial runout and that axis is perfectly coaxial 0 . 1 second , or less so a systematic shift of 10 nano - seconds 
with the axis of rotation of the sensor platform . 65 is a change of one part per ten million or more . As an angular 

The two disks rotate at a precisely constant angular change , a change of one part per ten million is a change of 
velocity . about 0 . 1 arcseconds . 
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Fortunately , it appears that the net effect of all of the bearings that support the shaft radially are not perfect . 
possible random timing errors ( together with random disk Second , the upper axis support bearing will not be perfectly 
rotation errors ) is small . Specifically , the random errors centered on the rotating platform . Third , the axis of the 
should show up as variations in the measured angle when the rotating disks will be slightly tilted relative to the axis of the 
rotating platform is held fixed . However , the experimentally 5 main rotating platform . Fourth , the position of the disks 
observed variations are small compared to the claimed relative to the encoder modules in the axial direction will not 
accuracy of the device . For the first sample implementation , be precisely constant . Each of these aspects will be dis 
with the rotor fixed and relatively constant temperature , cussed in turn . 
standard deviations of sets of 100 to 10 , 000 measurements First , as seen in the test results , the errors due to radial 
are typically less than 4 to 5 milli - arcseconds , with nearly 10 imperfections in the deep groove instrument bearings show 
100 , 000 measurements held in a total range of + 25 milli - up as part of the roughly 0 . 42 arc second peak - to - peak noise 
arcseconds . in the measurements from single pairs of encoders . Since in 

The main bearing supporting the rotating platform will the example implementations , the shaft is not fixed to the 
constrain its motion to be nearly circular , but no bearing is inner race of the bearings , errors in the motion of these 
perfect . The duplex pairs of angular contact bearings used in 15 bearings in the axial direction will not force the shaft and 
the example implementations have specified radial and axial disks to move in the axial direction . Therefore , the main 
runouts on the order of 0 . 0001 inch . An air bearing can contribution of these bearings to measurement errors will be 
reduce this error by one or two orders of magnitude , but even due to radial runout . However , as seen in the tests results , 
an air bearing is not perfect . this error is cancelled to within about 20 milli - arcseconds 

It is useful to consider the somewhat imperfect movement 20 peak - to - peak by using two pairs of encoder modules sepa 
of the rotating platform to be the sum of a pure rotation plus rated by 180° . This is well below the claimed 0 . 100 arcsec 
a small axial or radial shift . The shift component of the ond accuracy of the device . 
motion causes problems when making measurements at a Second , as described in the detailed discussion of the 
finite distance , such as when using a mechanical tangent arm construction of the example implementations , the upper 
or sighting a calibration point at a finite distance with a 25 support bearing can be centered on the axis of the rotating 
telescope mounted on the platform . For example , a lateral platform to within about 0 . 0001 inch . This is within the 
offset of 0 . 0001 inch at a radius of 10 feet would cause an radial runout rating of the instrument bearings , so any error 
angular error of 0 . 17 arc - seconds . However , it should be due directly to this centering error should be no more than 
noted that this type of error is not specific to the measuring about 20 milli - arcseconds , based on the observations made 
principle used in the embodiments disclosed herein . Regard - 30 in the previous paragraph . This is also well within the 
less of the way a measuring device works , shifts in the axis claimed accuracy of the device . 
position due to bearing errors will cause errors in measure - Third , if the lower axis support bearing is not exactly 
ments made at a finite distance . Fortunately , in many metrol - centered on the axis of rotation of the main rotating plat 
ogy applications , the measurements are made using an form , the axis of rotation for the rotating disks will be 
autocollimator focused at infinity and pointing at a plane 35 slightly tilted relative to the main platform ' s axis of rotation . 
mirror . In this case the measurement is effectively made at There will also be variations in this tilt error as the main 
infinity ” and the effect of a small lateral shift of 0 . 0001 is platform rotates , due to the centering error of the upper 
minimal . support bearing , and due to radial runout of the main rotating 

In the example implementations , the upper support bear - platform angular contact bearings . 
ing for the shaft carrying the rotating disks is centered on the 40 During assembly , the position of the lower support bear 
rotating platform . As a result , the distance from the average ing is adjusted to reduce the tilt error to roughly 10 arcsec 
shaft position to each of the encoder modules on the plat - onds or less . To allow for wear and some additional tilt error 
form is fixed . That is , although there will be slight deviations due to the factors just mentioned , we will assume that the 
from circularity in the rotation of the main platform itself , maximum tilt error could be as large as 20 arcseconds . 
the encoder modules move with the main platform and are 45 We next quantify the measurement error due to the axis 
always precisely the same distance from the average shaft tilt error . Note that if the main platform rotated exactly 
position . Any lateral shift of the main rotating platform due around the same axis as the rotating disks , then there would 
to main bearing error will not lead to a shift of the encoder be no tilt error . If , however , the main platform rotates around 
modules relative to the rotating disks , so it will not directly an axis tilted relative to the axis of the disks , then we are 
affect the measured angle . Meanwhile , the rotation compo - 50 effectively measuring a rotation about one axis ( the axis of 
nent of the motion of the main platform will create a rotation the disks ) while the actual rotation is about a different axis 
of the encoder modules relative to the rotating shaft and will ( the axis of the rotating platform ) . Measuring a rotation 
lead to a change in the measured angle , as it should . about a tilted axis will always introduce an error . The error 

Axial runout of the main bearing will lead to slight axial will be small for small tilts , but the error will be non - zero . 
shifts in the position of the rotating disks relative to the 55 Without loss of generality , assume that the main platform 
encoder modules . Axial shifts of the disks relative to the rotates about the z - axis , and that the disks rotate about an 
encoder modules will be discussed later . axis that is tilted in the xz plane , obtained by rotating the 

From these observations we conclude that by mounting Z - axis about the y - axis through an angle o , as shown in FIG . 
the upper support bearing for the rotating shaft on the 25 . In this FIG . , the positive y - axis is pointing into the page 
rotating platform , the effect on the measured angle of lateral 60 through the origin . If a point in the plane of the disk is at a 
shifts due to main bearing error is effectively eliminated for distance d from the y axis , then the x coordinate of the 
measurements made “ at infinity ” . For measurements made rotated point will be reduced to d . cos ( 0 ) . The y coordinate 
at a finite distance , the main bearing error will lead to the of the marks will not be changed in this case , since the tilt 
same sort of measurement errors as would occur with any is assumed to be a rotation about the y - axis . 
mechanism for measuring angles . 65 If we view the disk from above , as in FIG . 26 , we see that 
We now consider four aspects of geometrical errors in the a circular disk in the xy plane will appear elliptical when it 

axis of the rotating disks . First , the deep groove instrument is tilted through the angle Q and then projected back onto the 
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xy plane . In this FIG . the positive z - axis is pointing out of Unfortunately , even such small axial shifts could matter . 
the page through the origin . The rotation angle o is actually The optical axis of the encoder modules will not be exactly 
very small , but the figures are drawn as though is much perpendicular to the base of the encoder modules . The 
larger , for clarity . If we assume that the optical axis of the collimator lens over the infrared LED in the encoder is just 
encoder modules is parallel to the z axis , the marks on the 5 an inexpensive plastic lens . Furthermore , it seems likely that 
disks are effectively projected onto the plane of the encoders there could be some small errors on the order of 0 . 001 inch 
with an orthographic projection along lines parallel to the in the relative placement of the LED source and the reticle 
z - axis . Consequently , FIG . 26 shows the tilted disk as an that covers the optical sensors in the encoder modules . The 
ellipse , which is how it would be seen by the encoder distance from the LED source to the sensor is about 0 . 1 
modules . Now , a point ( x , y ) at angle on the edge of a unit 10 inches . If we assume a slight tangential deviation of 0 . 001 
circle in the xy plane would be rotated up out of the xy plane inch between the vertical direction and the optical axis , an 
by the tilt angle o and subsequently projected back onto the axial change of only 0 . 0001 inch would cause a tangential 
point ( x ' , y ) , where x ' = x . cos ( 0 ) shift of 

As a result , a rotation by angle o about the tilted axis will 15 
be measured as a rotation by angle O ' about the z - axis . The 

0 . 0001 relationship between the measured angle O ' and the original 
0 . 1 angle 0 is given by equation 26 for angles strictly between 

- 1 / 2 and + 1 / 2 . 
20 inch in the position where a mark was detected . Further 

more , this change would be systematic , not random . That is 
@ = arctan ( ) if the disk shifted upward by merely 0 . 0001 inch all marks 

detected by such an encoder module would shift laterally by 
( 26 ) a micro - inch , which effectively shifts the reference point for clam cos ( O ) cos ( 4 ) 25 that disk by a micro - inch . A shift of a micro - inch at a radius 

of 1 inch represents an angular change of slightly more than 
More generally , using the full - circle atan2 ( ) function , we 0 . 2 arc - seconds , which is double the claimed accuracy of the 

have the following expression for the measured rotation for device . 
any angle in ( - 17 , 5t ] . The example implementations used several means to 

W mitigate the effects of axial shifts . First , in the first sample 
implementation , the angle between the base of the encoder 
modules and the encoder module mounting plates was 
adjusted to make the optical axis of the encoder modules 

25 more nearly parallel to the axis of rotation of the disks . This 
Since Q is very small , cos ( p ) is nearly 1 , so f ' is very will reduce the effect of any axial displacements . This was 

nearly O . FIG . 27 shows a graph of the difference between not done in the second example implementation , which may 
the measured and actual values , 0 - 0 , assuming an axis tilt explain the residual first harmonic error in the second 
0 = 20 arcseconds . From this we conclude that the error in the example implementation . Second , in both example imple 
measurement directly due to measuring about an axis tilted 40 mentations the axial motion of the disk axis is constrained by 
by a small amount ( 20 arcseconds ) will be very small ( less a single point contact thrust ball bearing that is preloaded 
than half of a milli - arcsecond ) . This error is two orders of against a planar thrust plate . This eliminates axial runout of 
magnitude less than the claimed accuracy of the device . the instrument bearings that support the rotating disk ' s shaft 

It is interesting to note that the error as a function of O is as a source of axial motion of the disks . Third , the short - term 
very nearly a second harmonic sine function . As the tilt 45 effect of differential thermal expansion is reduced by using 
angler increases , the error increases significantly and gradu - thick section structural components with a long thermal time 
ally differs more and more from a sinusoidal form . constant . Fourth , at least some of the thermal expansion of 

Fourth , we consider the error introduced by axial shifts of the rotating disks ' shaft , 5 , in the axial direction will be the disks . Axial shifts of the encoder disks relative to the matched by expansion of the main platform bearings , 12 , encoder modules can occur for several reasons . Specifically , 50 and the stainless steel standoffs , 22 , shown in the exploded axial runout of the main platform angular contact bearings views of the device . Finally , to keep the encoder disks as will move the upper encoder modules axially relative to the 
disks . Differential thermal expansion between the aluminum nearly perpendicular to the axis of rotation as possible , the 
structural components and shaft and steel bearings will also disks are epoxied onto oversized machined hubs that support 
cause a small axial shift . Also , if the encoder disks are not 55 " 55 the disks nearly to the point where they extend into the 
precisely perpendicular to the axis of rotation , different encoder modules . 
sections of the disk will have different axial positions Next , consider the effects of errors in the angular velocity 
relative to the encoder modules as the disk rotates . Further of the rotating disks . If the two rotating disks rotated at 
more , these differences will vary as the main platform precisely constant angular velocity , then Equation 23 would 
rotates , due to the axial runout of the main bearings and due 60 give the exact value of 0 when Sk ( ° ) is measured using 
to the tilt of the disk axis relative to the main bearing axis . times as given by Equation 24 . Furthermore , in the idealized 

All of these sources should only produce very small axial case of constant angular velocity , the result would be correct 
shifts . Specifically the axial runout of the main bearing is for any sets of angles { A ; } and { B ; } , with arbitrary non 
less than 0 . 0001 inch , and it should be possible to keep the uniform spacing . Unfortunately , in any actual physical 
disks perpendicular to the axis of rotation to within less than 65 embodiment of the concepts described herein , the angular 
0 . 001 inch at the edge of the disks . Consequently , at first velocity will not be precisely constant and the interaction of 
glance it would seem that these errors could be ignored . errors in the spacing of angles { A ; } and { B ; } with the 

i 
O = atan2 cos ( ) cos ( d ) ) 

sin ( 0 ) 
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30 
angular velocity variations as the disks rotate will lead to Equating these expressions for the ith term of the sum gives : 
measurement errors that will be different at different values 
of o . 

Suppose that T is the total time required for the current ( 38 ) complete revolution of the disks . The time required for the 5 
next complete revolution will , of course , be slightly differ 
ent , but each measurement of the angle q only uses data from ( 39 ) 
one complete revolution . The average angular velocity for Jâ1 

this revolution will just be : 
( 40 ) 

Jai Jai 

Tick 
Sdt = Witt 

Ja ; Si set = Left * extende 
= { * * + elende 

Ti - k ptick oft + = dt + dt + di + 10 
JT ; - K 

( 28 ) 1 = 360° 

( 29 ) 20 
tik 

0 = 1 dt + 1 dt + 1 
Jâ ; Jê ; - 

tiek 
etdt dt + 

JTi - k 

Let the function wo give the actual angular velocity for Cancelling the term that appears on both the left and right 
this revolution as a function of time and let the function hand sides of this equation and simplifying , using the fact 
en give the difference between the actual angular velocity that is a constant gives : 
and the average angular velocity 2 . Then we have : 

( t ) = 2 + e?t ) for tE [ 0 , 7 ) 
tik Let a ; be the time to rotate through angle A , at constant e ( t ) dt 

angular velocity 22 and let a , a + Aa ; be the time required to 
rotate through angle A , at the non - constant angular velocity * T ; - K + AT ; - k 
w ( ) . The SDSAMS method would give exact results if we dt + 

Ja ; + Aa ; could actually measure time , but we can only measure 25 
az . The difference is Aa ; is the error in the ithtime measure fi - k 

= N ( AT ; - k - Aa ; ) + e ( t ) dt 
ment on the first disk due to the non - constant angular 
velocity of the rotating disks . However , the corresponding 
angle A , is the same in either case . That is we have both 

30 From this we can find the error in the times measured for A = 20 ; = 6 " Odt each term in the sum in equation 24 as : 
and 

1 ; = S00j + Adi W ( t } dt + f , ai m ( t ) dt 
( ?ick – â ; ) - ( Tick – Q ; ) = Ati - k – AQ ; Similarly , let Ti - k be the time to rotate through angle Bi - k + o 

at constant angular velocity 2 and let T77 + AT ; be the time 35 
required to rotate through angle Bi - xto at the non - constant 
angular velocity w ( ) . As before , we would like to measure 
Ti - ze , but we actually measure Tic . Here At ; , is the error in the 
ith time measurement on the second disk due to the non 
constant angular velocity of the rotating disks . In this case 40 The total error in S : ( ) from equation 24 will then be : 
also we have both 

Bi - k + = 22ti - k = Sotikodt ( 32 ) 

prick e ( t ) dt 
Jâi 

0 

E ( ) = - E * * e ) di and 
i = 0 vân . 

( 33 ) 45 

( 34 ) 
JO 

Bi + k + Q = Soti + + Ati - kw ( t ) dt = So Tito ( t ) dt 
Using these expressions for A , and Birk + Q we also get Note that the endpoints of the integrals in Equation 46 are 

expressions for the ith term of the shifted delta sum S ( 0 ) in the actual times that are measured , not the theoretical times . 
terms of the average angular velocity 2 and in terms of the As a result , we could use this equation for the error to make 
actual angular velocity function w ( ) . Specifically , we have 50 corrections to the measurements made with the device , if we 
both could obtain good values for the angular velocity error 

function e ( ) . 
This error equation immediately leads to two interesting 

observations . First , as expected , if the angular velocity is Bi - k + 0 – A ; = | Idt - 1 sdt 
Jo 55 constant , then e ( t ) = 0 so the total error due to speed varia 

tions would be zero . Second , suppose instead that the 
“ marks ” around the disks are perfectly uniformly spaced . If 
the angular velocity is reasonably constant say with varia 
tions on the order of 1 % , as is the case for the example 

and 60 implementations then the intervals over which the integrals 
in Equation 46 are evaluated will all be of nearly equal 

Bi - k + 0 - A ; = w ( 1 ) dt - w ( 1 ) dt ( 36 ) length and will be quite uniformly spaced in the interval [ O , 
T ) . Since we only use the angular velocity error function et 

( 37 ) ) over the interval [ 0 , T ) we may consider it to be a periodic 
65 function with period T and represent it by a Fourier series . 

Due to the rotational inertia of the disks and motor armature 
and the limited driving torque available , we would expect 

Nick 
Odt ( 35 ) 
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the Fourier series of the angular velocity function to include i due to non - uniform spacing of the marks on the disk . 
only relatively low order harmonics . Also , since the function However , that does not matter . In all cases the length of the 
e ( ) is the difference from the average angular velocity on the interval of integration will be small . 
interval [ O , T ) , the average value of e ( ( the “ DC term ” ) will If we apply the mean value theorem for integrals , to each 
be zero . Since the total error is the sum of a large number of 5 of the integrals in Equation 48 , we get that : 
integrals , over very small , nearly equal length intervals 
uniformly distributed over one period of the function e ( ) , we 
would expect the sum to be very nearly zero . That is , we 
expect that the basic uncorrected error should be very small ( Bi - k + 0 - A ; ) e ( t ( yi ) ) ' ( vi ) 
if the marks around the disk are evenly spaced . Both 10 
reducing the angular velocity errors and improving the 
uniformity of the spacing of the marks around the disk where each W ; a point between A , and B ; _ k + at which the 
should reduce the basic error in a measurement with a single value of the integrand is the average value of the integrand 
pair of encoders . over the interval of integration . Both the value of k and the 

These observations can be made more general and more 15 mean value points { Wi } may change when Q changes , but for 
precise . In any real system there will be errors in both the any fixed © the total error due to non - constant angular 
angular velocity and in the placement of marks around the velocity will have the form given in Equation 49 
disks . As will be shown , the interaction of these two types The form of E ( 0 ) given in Equation 49 is very informa 

tive , since the errors in the positions of marks on the disks of errors as o varies can explain the structure of the errors have been separated from the angular velocity error . observed in the full circle tests . 20 We first consider the parts of Equation 49 that involve the In its present form , Equation 46 is somewhat difficult to angular velocity function . The mapping between angles and interpret . Specifically , the dependence on the rotation angle times is nearly linear . More specifically the function O is in the upper endpoint of the integrals . As o varies , k will 
vary in steps , and even for small ranges where k stays t ( 0 ) ~ T 0 / 360° . ( 50 ) 
unchanged , Ti - k will still vary with changing o . Also , the way 25 and t ' ( 0 ) will be nearly equal to the small constant T / 360º . 
the angular velocity error affects the total error is both Since the mean value points { Wi } all lie in the small intervals 
through the integrand eo and through the endpoints of the of integration they will be nearly evenly spaced around the 
integrals , since the times when marks pass reference points circle . Since they are mapped to the interval [ 0 , T ) by the 
will also depend on the angular velocity error . nearly linear function t ( o ) , we see that e ( t ( : ) ) will be a list 

To get a better understanding of the nature of the total 30 of values of the error function e ( t ) evaluated at nearly evenly 
error function , ECO ) , we will rewrite the integrals in terms of spaced points spread across the full interval [ 0 , T ) . Conse 
functions of angle , rather than as functions of time q uently , the part of Equation 49 that involves the angular 

This is possible , since times in the interval [ 0 , T ) are velocity function , e ( t ( : ) ) t ( W ; ) , is nearly a constant multiple 
mapped one - to - one onto the interval of angles , [ 0 , 360º ) by of a list of samples of the angular velocity error function 
the monotonically increasing function 35 evaluated an N nearly evenly spaced points . As a result , we 

expect that the factor e ( t ( w : ) ) t ' ( W ) : ) will have an average 0 ( t ) = Soo ( t ) dt value very near zero and will have only relatively low order 
in fact , since the angular velocity function o ( t ) is nearly harmonics , like the velocity error function e ( ) itself . Also , 

constant , the function 0 ( t ) is almost a simple multiple of t , as o changes , although the mean value points w ; } will vary 
Given that o ( t ) is a nearly linear one - to - one differentiable 40 slightly , they will remain confined to small intervals around 
function , it is safe to assume that it will have an inverse t ( 0 ) the corresponding angles { A } which are nearly uniformly 
that is also a nearly linear one - to - one differentiable function . spaced around the circle . Hence , the angular velocity depen 
Using this we can change the variable of integration in dent part of EO ) will remain nearly unchanged even as o 
Equation 46 from t to 0 and rewrite the total error expression changes and will have essentially the same harmonic content 
as : 45 as the angular velocity error function e ( itself . 

Next , consider the factor ( B ; z + 0 - A ) . If the sets of angles 
{ A } and { B ; } were precisely uniformly spaced around the 
circle , then for any fixed o and corresponding k , this factor 
would be precisely constant independent of the index i . Now 

50 suppose that { A ; } is the actual set of angles of the nearly 
uniformly distributed marks around Disk 1 . In this case , the 

Now , in Equation 48 , the endpoints of the integrals list of values { A ; } for i = 0 , 1 , 2 , . . . , N - 1 are the values of 
depend only on the angles to marks on the disk and on the a nearly a linear function of the index , i , with values nearly 
angle Q . The integrand only depends on the angular velocity equal to 
function ( via its inverse and the derivative of its inverse ) and 55 
its error as a function of the variable of integration 0 . 

The total error function can be simplified further if we 360° 
consider Equation 48 for an arbitrary but fixed rotation angle 
0 . For any such fixed 0 , the shift , k , in the index on B will 
be chosen so that the mark at angle B - k is the first mark on 60 The deviations of these values from the perfectly linear 
the second disk to pass the reference point shifted by after function the mark at angle A , passes the reference point on the first 
disk . With this convention and with marks on the disks quite 
evenly spaced , all of the integrals will be over small inter 360° . 
vals of the disks ' rotation angle 0 , from O = A ¡ to O = Bi - k + Q . 65 
For some of the intervals , it may be that the order of the end 
points is reversed since we could have Bi - + Q < A , for some 

E ( 0 ) = - ES * * * < 10 ) * ( 0 ) 40 i = 0 JA 

NE 
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is due precisely to the deviations of the spacings of the pole pairs and the driving circuit steps through six states to 
marks from perfect uniformity on Disk 1 . Similarly , the list advance the armature rotation by one pole pair , we would 
of values ( B ; . + ) for i = 0 , 1 , 2 , . . . . N - 1 are the values of anticipate the strongest rotational error harmonics to occur 
a nearly linear function of the index , i , with values also up to the 36th harmonic . Since the second example imple 
nearly equal mentation uses five pole pairs , we would expect slightly 

lower error harmonics , though perhaps with larger ampli 
tudes . In both cases we expect the zero order term to be very 
nearly zero , since the average value is essentially zero . 
These observations about the function g ( ) should hold for all 

10 values of Q and k . 
It is necessary to subtract 360° from the terms B : + 6 for The function f will be different for different values of o 
which the term exceeds 360° to get the correct value for the and k . In particular f essentially gives the difference of the 
difference angle ( B : + 0 - A , ) . Also , as before , the calculation errors in the placement of marks on Disk 1 and Disk 2 , 
of the subscript i - k is done mod N . The non - constant relative to perfectly uniformly spaced marks for different 
deviations of these values from the perfectly linear function 15 phase shifts of Disk 2 relative to Disk 1 . To see this , express 

the terms of the sequences { A ; } and { Bi - k + Q } as a sums of 
the linear function 

3600 

20 360° 

plus an error function : 

3600 
A ; = - ( 56 ) 

are due precisely to the deviations of the spacing of the 
marks from perfect uniformity on Disk 2 . Therefore , the 
values { ( B - 4 + 0 - A , ) } for i = 0 , 1 , 2 , . . . , N - 1 will be small , 
with deviations from zero coming from two sources . First , ne 
there will be a constant offset due to the current fixed value 
of o . Second , any non - constant deviations from zero will 
come directly from the non - uniformity of spacing of the 
marks on Disk 1 and Disk 2 ! 

To see how the parts of Equation 49 interact , for any z 
arbitrary but fixed Q and corresponding k , we group the 
factors into two functions of i : 

f ( i ) = Bi - + 0 - Afor i = 0 , 1 , 2 , . . . N - 1 ( 51 ) 

Ni + 8A ( 1 ) 
3600 ( 57 ) Bi - k + = - vi + OBøk ( 1 ) 

The function f ( ) is the difference of these and consequently 
the common linear part , 

and 35 

360° 
( 52 ) Ni , g ( i ) = e ( t ( 4 : ) ) ' ( W ; ) for i = 0 , 1 , 2 , . . . N - 1 

For any such fixed p and corresponding k we see that the 
error function is the inner product of Cand g . That is : cancels in the difference . The error function for the A angles 

40 is independent of $ . The ith value of the error function dao 
just gives the error in the angle to the ith mark on Disk 1 
relative to evenly spaced marks at N - 1 

E ( A ) = - 5100 ( 53 ) 

= ( f . 8 ) ( 54 ) 45 360° wi , i = 0 , 1 , 2 , . . . , N – 1 . 

( 55 ) 

If we let j be the imaginary unit then the N complex 
exponential functions The error function for the B angles clearly depends on o . 

50 Different values of o will lead to different values of k , which 
produces a phase shift of the B angles relative to the A 

uz ( i ) = e angles . That is , for a fixed Q and corresponding k , the ith ki for i = 0 , 1 , 2 , . . . , N - 1 value of the second error function doll will give the error 
in the angle to the ( i - k ) ' h mark on Disk 2 relative to evenly 

for k = 0 , 1 , 2 , . . . , N - 1 form an orthogonal basis of N 55 spaced marks at 
dimensional complex space relative to this inner product . 
The Discrete Fourier Transform of a list of N values will 
produce a representation of that list of values as a sum of v i - 0 i = 0 , 1 , 2 , . . . , N – 1 . 
multiples of these basis functions . Consider the representa 
tions of the functions fo and go relative to these basis 60 
functions . That is , consider the discrete Fourier transform of Since during manufacture , the marks are placed very 
these two functions . accurately on the disks by optical projection of larger master 

The function g ( ) will have an average value that is images , we anticipate that the inherent errors in the mark 
essentially zero and its discrete Fourier Transform will have positions will be generally quite small . However , one major 
only low order terms due to the rotational inertia of the 65 source of errors in the effective mark positions when the disk 
rotating disk assembly . In particular , since the first example is actually in use is the inaccuracy of the disk mounting . 
implementation uses a three phase brushless motor with six First , it is impossible to perfectly center the disk on the 

360° 
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rotating shaft , which introduces eccentricity error in the disk rotation angle 0 . Similarly , the amount of second 
effective mark positions . Consequently , we expect the mark harmonic in the function fo will vary if o changes . For the 
placement error functions to have a fairly large systematic second harmonic , there would be two values of " where the 
" once around ” error . Also , as discussed in the in regard to second harmonic error in Disk 1 ' s mark positions combines 
Disk Axis Errors , we anticipate that there should be some 5 constructively with the second harmonic error in Disk 2 ' s 
effective distortion of the disk from a perfect circle to an mark positions , and two positions where they combine 
elliptical shape due to the disk not being mounted exactly destructively . This will produce a second harmonic variation 
perpendicular to the axis of rotation . There could be other in the total error function E ( O ) . More generally , the magni 
sources for an elliptical distortion of the disk such as a slight tude of the Nth order harmonic in function f ( n ) will vary 
tilt of either the disk image or of the disk medium when the 10 with changing o to produce an Nth order harmonic in the 
mark pattern is optically projected onto the disk medium . In total error EO as a function of o . This explains the structure 
any case , we expect some second harmonic content in the of the measurement error of the first example implementa 
disks ' mark placement error functions due to such elliptical tion as seen in FIGS . 17 and 18 . 
distortion . We expect most other mark placement errors to be Referring now to FIG . 28 , in one embodiment , optical 
restricted to much higher harmonics . 15 encoder disks 100 and 102 may be mounted on a common 
Now , consider replacing the functions fo and g ( ) in shaft 104 ( shown in fragment for clarity ) to extend radially 

Equation 53 by their Fourier representations as sums of therefrom away from a central axle axis 106 and to rotate 
multiples of the basis functions uz . If we use all N compo therewith in unison . Each of the disks 101 and 102 may be 
nents of the discrete Fourier transform of fo and go , these quadrature encoded at 2500 lines per revolution provided by 
representations will be exactly equal to the functions at all 20 quadrature encoding tracks 110 that may be decoded to a 
N sample points . Since the basis functions are orthogonal , high - resolution angle signal 112 providing 10 , 000 transi 
the only terms that will contribute to the sum will be from tions per revolution . The high - resolution angle signal 112 is 
harmonics that are present in both f ( ) and g ( ) . We expect obtained by providing a timing mark at every quadrature 
the representation off to include relatively large multiples transition of track 110 . 
of u . ( ) , u , ( ) , and u2 ( ) followed by many essentially zero 25 The optical encoder disks 100 may be rotated in unison by 
components before reaching more non - zero components in a DC permanent magnet motor 114 constructed of an 
the high harmonics . We expect the representation of go to aluminum rotor 116 , as described above , having an equato 
only have non - zero components for u , ( ) , u2 ( ) , uz ( ) , . . . , rial band of 24 , 316 inch cube neodymium magnets 118 
u360 ) , with perhaps a few higher harmonics at lower epoxied within a channel to provide six north - south pole 
amplitudes . Due to the orthogonality of the basis functions 30 pairs arranged in a Halbach array to concentrate flux out 
we therefore expect the largest contributions to the error sum wardly from the axis 106 . A stator 120 is produced of 18 
in Equation 53 to come only from the components of u , o ferrite core inductors 122 equally spaced in opposition to the 
and u2 ( ) which are the terms that the Fourier representations aluminum rotor 116 to provide a motor having extremely 
of f ( ) and g ( ) have in common . Overall , for a fixed Q and low harmonic velocity components . These ferrite core 
corresponding k , the error ECO ) will basically come from the 35 inductors 122 may be embedded in a matrix of Kevlar filled 
interaction of the fundamental and second harmonics of the nylon having a coefficient of expansion substantially equal 
disk mark error functions with the angular velocity errors of to the aluminum of the rotor 116 and other components of 
the rotating disks . the device . The motor may be driven by a DC motor driver 
What does this imply about the behavior of the error 124 in open loop constant velocity configuration . The ferrite 

function E ( 0 ) as the measurement angle pchanges ? As 40 core inductors 122 may be hand selected to improve their 
mentioned earlier , as and the corresponding k change , the matching and thereby reduce motor speed harmonics caused 
function g ( ) should remain relatively unchanged . However , by asymmetrical stator magnet strength . 
as o changes , the phase of the error function debt will The shaft 104 may be guided by precision ( ABEC - 7 or 
change relative to the phase of the error function 840 ) . The better ) radial ball bearings 130 and 132 at an upper and 
difference of two sinusoidal functions of the same frequency 45 lower end of the shaft 104 . An outer race 131 of each of the 
produces another sinusoidal function of that frequency for ball bearings 130 and 132 may be glued to an optics support 
any phase relationship . Therefore , the non - zero terms of the disk 133 and the inner race 135 may be slightly lubricated 
Fourier representation of fo will come from the corre - to allow axial movement of the shaft 104 with respect to the 
sponding Fourier terms of the disk error functions . However , inner race 135 . Offset collars 137 may be attached to the 
the magnitude of the harmonics in fo as a function of 0 will 50 shaft 104 in the vicinity of the bearing 130 and 132 and a 
change as o changes since different values of o will lead to compression spring such as a helical compression spring 144 
different shifts k . Consider the " once around ” errors in the may be attached between the collars and the inner races 135 
effective mark placements on Disk 1 and Disk 2 . For some to provide slight axial preloading in opposite directions of 
o the error function will shift so that the difference of the the inner races 135 of the bearings 130 and 132 such as 
errors on Disk 1 and Disk 2 will combine constructively 55 eliminates radial play . 
leading to the largest amplitude of the fundamental in the A resistance to axial movement of the shaft 104 is 
function f ( ) for that p . If Q is changed by 180° the " once provided by a secondary thrust bearings formed from a 
around ” errors will then combine destructively , leading to silicon carbide ball 129 positioned within a press fit alumi 
the smallest amplitude of the fundamental in the function num collar 145 having a nominal inner diameter equal to that 
f ( ) for that 0 . As o varies around the full circle , the 60 of the shaft 104 and the ball 129 to center the ball 129 along 
amplitude of the fundamental term in the function fo will the axis 106 . A lower surface of the ball 129 rests against a 
go through one complete cycle varying between a maximum substantially flat titanium nitride coated carbide tooling 
and minimum amplitude , sinusoidally . That is , there will be insert 134 having an upper face perpendicular to axis 106 . A 
a fundamental , once around variation in the total error slight preload along the axis 106 may be provided , for 
function E ( 0 ) as a function of o due to different phase shifts 65 example , by the bearing formed by the ball 129 and the 
between the once around errors in the mark placements on tooling insert 134 working against a magnetic attraction 
Disk 1 and on Disk 2 , which are ultimately functions of the vector 141 between the rotating magnetic field provided by 
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the activated inductors 122 and the magnets 118 , the vector full circle measurement error observed in the first example 
141 having a downward component 139 along the axis 106 implementation . The fundamental " once around ” error is 
toward the ball 129 . The bearing formed by the ball 103 and nearly eliminated by the use of two pairs of encoders , 
the tooling insert 142 provides initially no resistance to the separated by 180° . The second harmonic errors can either be 
radial location of the axis 106 being defined precisely by the 5 corrected in the device ' s software using a calibration curve 
bearings 131 , 132 , or can be reduced by using data from three or four equally 

Three optical encoders 150a for upper disk 100 and three spaced encoders on the rotating platform . 
optical encoders 150b for lower disk 102 are supported on It should be noted that structural elements of the motor , 
respective optics support disks 133 also supporting bearings such as the number of motor poles , together with errors in 
130 and 132 as described . Each optics support disk 133 may , 10 the positions of marks on the disk ( s ) determine the harmonic 
for example , be adjustable by shimming to be perfectly content of the part of the main measurement error function 
perpendicular to axis 106 . One of the optics support disks due to measuring times instead of the angles directly . The 
133 may move angularly with respect to each other about number and position of the sensors employed can be chosen 
axis 106 , as described above . The supported optical encod - to zero out many of the harmonics in this measurement error 
ers 150 are shimmed with shims 151 under one of two 15 function . Many different effective designs are possible by 
circumferentially displaced mounting points so that an opti - varying the number and position of the sensors and the 
cal axis 153 defined as the central path of light between the structure of the motor . These design choices can be made to 
light emitter and light receiver of the optical encoder 150 is balance considerations such as measurement noise , residual 
precisely parallel to axis 106 . This minimizes angular error measurement error , power dissipation , device size and cost . 
caused by slight axial displacement of the encoder disks 100 20 Unless otherwise indicated , all numbers expressing fea 
and 102 . ture sizes , amounts , and physical properties used in the 

Each optical encoder 150 are attached to a computing specification and claims are to be understood as being 
system 160 performing the calculations described above , for modified in all instances by the term “ about . ” Accordingly , 
example , using multiple processing cores to provide unless indicated to the contrary , the numerical parameters set 
extremely fast processing speeds . Each of the optical encod - 25 forth in the foregoing specification and attached claims are 
ers is separated from the others by an equal angle of 120 approximations that can vary depending upon the desired 
degrees . Multiple encoders help cancel certain sinusoidal properties sought to be obtained by those skilled in the art 
components of the error function due to motor speed errors utilizing the teachings disclosed herein . The use of numeri 
and disk mark errors as discussed above . cal ranges by endpoints includes all numbers within that 

Ideally , the number of motor poles and the number of 30 range ( e . g . 1 to 5 includes 1 , 1 . 5 , 2 , 2 . 75 , 3 , 3 . 80 , 4 , and 5 ) 
encoders will be selected to minimize errors caused by and any range within that range . 
motor velocity error harmonics aligning with harmonics in Various modifications and alterations of the embodiments 
the encoder positions error function . For example a five pole discussed above will be apparent to those skilled in the art , 
motor with three encoder positions will not have such and it should be understood that this disclosure is not limited 
alignment for lower two harmonics . 35 to the illustrative embodiments set forth herein . The reader 

The computing system 100 may include a calibration should assume that features of one disclosed embodiment 
curve to correct residual system error from sources such as can also be applied to all other disclosed embodiments 
main bearing axial runout . This calibration will typically unless otherwise indicated . It should also be understood that 
only be needed for extremely high precision and will employ all U . S . patents , patent applications , patent application pub 
a determination of absolute disk location 100 for example 40 lications , and other patent and non - patent documents 
using a timing mark of a type well known in the art . referred to herein are incorporated by reference , to the extent 

Generally , it will be appreciated that the measurements they do not contradict the foregoing disclosure . 
made by the processor must compare the timing between 
corresponding marks despite the fact that the encoder disk is I claim : 
an incremental rather than absolute encoder disk . This 45 1 . A device for measuring angles comprising : 
comparison process can be implemented by knowing the a first and second rotor each having a plurality of sensing 
number of marks on the disk and counting passing marks marks arranged circumferentially around a common 
until a corresponding mark arrives . axis of the rotors ; 

To summarize , the most significant part of the overall a motor for rotating the first and second rotors in unison 
error that is due to time measurement errors is small and 50 at a substantially constant angular speed about the axis ; 
random . If need be , multiple readings can be averaged to sensors associated with each rotor to sense the marks as 
reduce the effect of these timing uncertainties . they pass the sensors with rotation of the rotors to 

Systematic errors that are directly due to main bearing generate sensor signals in response to sensing the 
errors are minimal for measurements made at " at infinity ” . marks , wherein a first set and second set of sensors are 
Main bearing radial runout will lead to a small variable tilt 55 mounted on different platforms that may rotate relative 
of the rotating axis relative to the main bearing axis . to each other about the axis ; 

The error directly due to measuring rotations about an at least two ball bearings supporting the shaft against 
axis that is slightly tilted relative to the actual axis of rotation radial motion , wherein the ball bearings include an 
is very small , less than a milli - arcsecond . However such axial preload between inner and outer races of the ball 
tilts , along with main bearing runout and errors in mounting 60 bearings ; and 
the disks perpendicular to the rotating shaft , distort the a processor configured to receive the sensor signals and to 
effective shape to the disk to be elliptical rather than a measure an angle of rotation between one or more 
perfect circle . This distortion will contribute to the second movable sensors and one or more fixed sensors based 
harmonic error in the effective mark positions on the disks . on the sensor signals ; 

The fundamental and second harmonic errors in the 65 wherein the first and second rotors are on a common shaft 
effective locations of marks around the rotating disks inter supported at one end at a pivot point aligned along the 
act with errors in the angular velocity to create much of the axis ; 
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wherein the pivot point is a ball in contact with an end of a brushless DC motor providing a rotor with at least five 

the shaft at a point ; magnetic poles where the number of polls is not a 
wherein the ball bearings have their outer race attached to multiple of the number of encoders ; and 

respective first and second supports holding the first a processor configured to receive the sensor signals and to 
and second set of sensors respectively ; and measure an angle of rotation between one or more 

wherein the sensors are optical sensors having light axes movable sensors and one or more fixed sensors based 
substantially aligned with the common axis and on the sensor signals ; 
wherein the first and second supports provide an adjust wherein the first and second rotors are on a common shaft 
able connection between the sensors and the respective supported at one end at a pivot point aligned along the 
support to adjust an angle of the optical axis with 10 axis ; and 
respect to the support . wherein the pivot point is a ball in contact with an end of 

2 . The device for measuring angles of claim 1 wherein the the shaft at a point . 
ball has a hardness of greater than nine on the Mohs scale . 10 . The device for measuring angles of claim 9 wherein 

3 . The device for measuring angles of claim 1 wherein the the brushless DC motor is operated in open loop constant 
shaft is axially preloaded by an axial force between a stator 15 velocity . 
and rotor of the motor against the pivot point . 11 . A device for measuring angles comprising : 

4 . The device for measuring angles of claim 1 wherein the a first and second rotor each having a plurality of sensing 
first and second rotors provide sensing marks providing a marks arranged circumferentially around a common 
quadrature signal that is decoded to timing marks at every axis of the rotors ; 
quadrature transition . 20 a motor for rotating the first and second rotors in unison 

5 . The device for measuring angles of claim 1 wherein the at a substantially constant angular speed about the axis ; 
processor is configured to measure a difference in time sensors associated with each rotor to sense the marks as 
required for marks on the rotating disks to pass by corre they pass the sensors with rotation of the rotors to 
sponding sensors of the first and second sets . generate sensor signals in response to sensing the 

6 . The device for measuring angles of claim 1 wherein the 25 marks , wherein a first set and second set of sensors are 
processor is configured to calculate an angle of rotation mounted on different platforms that may rotate relative 
between the movable sensors and the fixed sensors based on to each other about the axis ; and 
the differences in time relative to time required for one or a processor configured to receive the sensor signals and to 
more complete rotations of the rotating disks . measure an angle of rotation between one or more 

7 . The device for measuring angles of claim 1 wherein the 30 movable sensors and one or more fixed sensors based 
processor includes multiple computation units operating in on the sensor signals ; 
parallel to increase a rate at which measurements are pro wherein the first and second rotors are on a common shaft 
duced . supported at one end at a pivot point aligned along the 

8 . A device for measuring angles comprising : axis ; 
a first and second rotor each having a plurality of sensing 35 wherein the processor is configured to measure a differ 
marks arranged circumferentially around a common ence in time required for marks on the rotating disks to 
axis of the rotors ; pass by corresponding sensors of the first and second 

a motor for rotating the first and second rotors in unison sets ; 
at a substantially constant angular speed about the axis ; wherein the processor includes a calibration curve cor 

sensors associated with each rotor to sense the marks as 40 recting for variations in separation between the sensing 
they pass the sensors with rotation of the rotors to marks on the optical disks . 
generate sensor signals in response to sensing the 12 . A method for measuring angles using an angle mea 
marks , wherein a first set and second set of sensors are suring apparatus having 
mounted on different platforms that may rotate relative a first and second rotor each having a plurality of sensing 
to each other about the axis ; and marks arranged circumferentially around a common 

a processor configured to receive the sensor signals and to axis of the rotors ; 
measure an angle of rotation between one or more a motor for rotating the first and second rotors in unison 
movable sensors and one or more fixed sensors based at a substantially constant angular speed about the axis ; 
on the sensor signals ; sensors associated with each rotor to sense the marks as 

wherein the first and second rotors are on a common shaft 50 they pass the sensors with rotation of the rotors to 
supported at one end at a pivot point aligned along the generate sensor signals in response to sensing the 
axis ; marks , wherein ; a first set and second set of sensors are 

wherein the set of sensors includes at least three sensors mounted on different platforms that may rotate relative 
for each of the first and second rotors spaced substan to each other about the axis ; 
tially equally about the axis . 55 at least two ball bearings supporting the shaft against 

9 . A device for measuring angles comprising : radial motion , wherein the ball bearings include an 
a first and second rotor each having a plurality of sensing axial preload between inner and outer races of the ball 
marks arranged circumferentially around a common bearings ; and 
axis of the rotors ; a processor configured to receive the sensor signals and to 

a motor for rotating the first and second rotors in unison 60 measure an angle of rotation between one or more 
at a substantially constant angular speed about the axis ; movable sensors and one or more fixed sensors based 

sensors associated with each rotor to sense the marks as on the sensor signals ; 
they pass the sensors with rotation of the rotors to wherein the first and second rotors are on a common shaft 
generate sensor signals in response to sensing the supported at one end at a pivot point aligned along the 
marks , wherein a first set and second set of sensors are 65 axis , wherein the pivot point is a ball in contact with an 
mounted on different platforms that may rotate relative end of the shaft at a point , wherein the ball bearings 
to each other about the axis ; have their outer race attached to respective first and 

45 
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second supports holding the first and second set of 
sensors respectively , wherein the sensors are optical 
sensors having light axes substantially aligned with the 
common axis and wherein the first and second supports 
provide an adjustable connection between the sensors 
and the respective support to adjust an angle of the 
optical axis with respect to the support ; wherein the 
method comprises the steps of : 

( a ) operating the processor to measure a time when marks 
pass the sensors ; 10 

( b ) measuring a change in time between a mark on the first 
rotor passing a sensor of the first set of sensors and a 
corresponding mark on the second rotor passing a 
sensor on the second set of sensors ; and 

( c ) using the change in time to deduce angular displace - 15 
ment between the first and second sets of sensors . 


